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ISOPERIMETRIC INEQUALITIES FOR THE LEAST

HARMONIC MAJORANT OF \x\p

MAKOTO SAKAI

ABSTRACT. Let D be an open set in the d-dimensional Euclidean space Rd

containing the origin 0 and let h^ (x, D) be the least harmonic majorant of

\x\p in D, where 0<p<ooifd>2 and l<p<ooifd=l. We shall be

concerned with the following isoperimetric inequalities /i(p'(0, D)1/p < cr(D),

where r(D) denotes the volume radius of D, namely, a ball with radius r(D)

has the same volume as D has and c is a constant dependent on d and p but

independent of D. We fix d and denote by c(p) the infimum of such constants

c. As a function of p, c(p) is nondecreasing and satisfies c(p) > 1. We shall

show

(1) there are positive constants Ci and C2 such that Cip'd_1"d < c(p) <

C2p(d-l)/d forp> 1?

(2) c(p) = 1 iip<d + 21~d.

Many estimations of /i'p'(0, D) and their applications are also given.

Introduction. We begin with considering a well known but very interesting

inequality. Let / be a holomorphic function defined in the unit disk U in the

complex plane satisfying /(0) = 0. Then

sup   ¿- [n\f(re")\2ds<- [ \f'(x + iy)\2dxdy.
0<r<l ¿It Jo K JU

The left-hand side is the square of the Hardy norm of / and the right-hand side is

the Dirichlet integral of / divided by tt. The inequality is easily verified. If / has

the power series expansion f(z) = YlTLi ajz^ z = x + iy, then the left-hand side

and the right-hand side are equal to ^Z lail2 and Silajl2' respectively.

The Dirichlet integral of / is the area of the image of U counting the multiplicity

of the map /. In 1972, a very interesting inequality was discovered by Alexander,

Taylor and Ullman. They showed that the Dirichlet integral of / can be replaced

by area /(Í7), the area of the image of U. Namely, for the estimation of the

Hardy norm, it is not necessary to count the multiplicity. The inequality has

many applications, see [A-Ta-U]. Recently Kobayashi [Ko] gave a new proof of the

inequality. He applied the following fact: Let D be an open connected set in the

w-plane containing 0 and let h be the least harmonic majorant of \w\2 in D. Then

MO) — (l/7r)(area£)). The idea of his proof is very simple. It is "subordination" of

functions and was used frequently in studying function theory. Let D = f(U) and
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consider ho f. Then |/|2 < ho f in U and h o f is harmonic in U. Hence

¿ fj \f(rels)? <k < ¿ j2\h o f)(reis)ds

and, by the mean-value property of harmonic functions, the right-hand side is equal

to h(f(0)) = h(0). Combining this with the above estimation of h(0), we obtain

the Alexander-Taylor-Ullman inequality.

Thus our first motivation of the present study arose from the inequality h(0) <

(l/ir)(areaD). This was proved by Pólya and Szegö [Pó-Sz] for simply connected

domains and by Payne [Pa] for multiply connected domains. How can we give its

simple proof? How can we generalize it?

The second motivation of the problem came from Brownian motion. Let D be

an open connected set in Rd and let A be a Brownian motion in Rd starting at a

point x in D. For each w, Xt(oj) is a continuous map from [0, oo) to Rd satisfying

Xo (u>) = x and we interpret ui as a path of a particle. Let

T(w) = inf{t >0;Xt(uj)£D}.

We call r the first exit time of the path w from D. Of course, r depends on the path

and we obtain no information if we watch each path. Some particles exit quickly,

others stay in D for a long time. But, if we take into consideration the distribution

Px of paths, a probability measure defined on the space of paths starting at x, then

we obtain many interesting results.

We are interested in the mean value of the first exit time, namely,

m(x) = Ext —  I r(iü)dPx(u)).

The problem is to give good estimates of m(x). If D is bounded, then it is known

that Am = — 2 in D and m(x) tends to 0 as x approaches to regular boundary points

of D. Hence dm(x) + \x\2 is harmonic in D and it is the least harmonic majorant h

of |z|2 in D. By taking the specific point x = 0, we have m(0) = (l/d)h(0). Thus

the problem is reduced to the estimation of h(0), the same problem as in the first

motivation.

In this paper, we are concerned with the estimation of Mp) (0, D), where h^ (x,D)

denotes the least harmonic majorant of |x|p in an open subset D of Rd which

contains 0. Here 0<p<ooifd>2 and l<p<ooifd=l, because

A|x|p = p(p + d — 2)|x|p~2 and we assume that |x|p is subharmonic in Rd.

After giving an integral representation of hf~p\0, D), we shall show Mp'(0, D)l/p

< r(D) for p < d, where r(D) denotes the volume radius of D, namely, a ball with

radius r(D) has the same volume as D has. The isoperimetric inequality is a starting

point for our study. Indeed, throughout this paper, we shall discuss the estimation

of c(p) satisfying h{p)(0,D)l'p < c(p)r(D) for every D. If p < d, c(p) = 1 as

mentioned above. For p < 2, it was proved by Payne [Pa] using essentially the

Schwarz symmetrization, but for p > 2 the Schwarz symmetrization does not work

well and our result is new.

Preliminary arguments written above are given in §1. Unbounded domains are

discussed in §2. In §3, we give three estimations of harmonic measures. As a

consequence, we show that there is a positive constant C2 depending only on d

such that c(p) < C2P(-d~1^d for p > 1. Other estimations of h^(0,D) which have
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many applications are also given. In §4, we show basic properties of a function c(p)

of p. In particular, we show that there is a positive constant Ci depending only on

d such that c(p) > Cip^'1^ for p > 1.

Extremal domains are investigated in §5. We call a domain D containing 0

and having the same volume as the unit ball has "extremal" if h^p\0, D)l^p = c(p).

There are positive numbers R(p) and r(p) such that D C Bfi(p) and vol(Br(p)\D) =

0 for every extremal domain D, where Bt denotes a ball of radius t centered at the

origin. We give estimations of R(p) and r(p). The existence theorem is proved for

d t¿ 2 by using spherical rearrangements due to Baernstein and Taylor [Bae-Ta].

There are many open questions about extremal domains. They are summarized at

the end of §5. Are there any p > d satisfying c(p) = 1? We show such p do exist

in §6. Our conjecture is c(p) = 1 for p < d + 2. We give a supporting fact by

using a variational method. In §8, we discuss applications. We give an estimation

of the Hardy norm and show the existence of harmonic majorants of |x|p in some

plane domains for every p > 0. We improve results due to Alexander, Taylor and

Ullman [A-Ta-U], Hansen [Han] and Hansen and Hayman [Han-Hay]. We also

give an estimation of the mean exit time of Brownian motion and an estimation of

the solutions to the Poisson problem.

NOTATION. Let D be an open set in Rd, d > 1. We denote by 3D the boundary

of D in Rd. We call an open set a domain if it is connected. We denote by Br a ball

centered at the origin with radius r, namely, Br = {x — (xi,..., x<¿) G Rd; |x| < r},

/ \ 1/2
where |x| = [J2x])     ■   We denote by a = ad the surface area of the (d — 1)-

dimensional unit hypersphere dBf, by ds the surface area element of dBf and we

set d9 = (l/o)ds. Note that the surface area is the number of boundary points in

the case d — 1, namely, <ti = 2. We define the volume radius r(D) of an open set

D by r(D) — (volD/volBf)1/4, namely, -B,.(D) has the same volume as D has.

Let Mp)(x) = h^(x,D) be the least harmonic majorant of |x|p in an open set

D. If there are no harmonic majorants of |x|p in a connected component of D,

we set Mp'(x) = oo in the component. For a bounded open set D, we denote by

H?(x) = Hf(x,D) the solution of the Dirichlet problem with boundary values /.

The Dirichlet problem is considered in each connected component of D. We assume

that / is a bounded Borel measurable function on 3D. We note that Mp) = ifl'l" if

D is bounded. We denote by xe the characteristic function of E, namely, Xe(x) = 1

ii x G E and Xß(x) = 0 if x e W\E. The whole space W will be known from the

context. We write u>(x, E, D) for HXE(x, D), where E is a Borel subset of 3D. For

fixed x and D, it is a measure on 3D and is called a harmonic measure.

1. Preliminary lemmas and the definition of c(p). In this section we shall

show preliminary results which give us a starting point of the present research.

LEMMA 1.1. Let D be a domain in Rd whose closure is contained in a ball

Br and let $ be a function continuous on [0, R) and continuously differentiable in

(0,R) such that $(|x|) is subharmonic in Br. Then the least harmonic majorant h

o/$(|x|) in D can be expressed as

fR
h(x)= /    &(t)ut(x)dt + §(0),

Jo
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where

ut(x)=u(x,(dD)\(BtödBt),D).

For the notation of harmonic measures, see the introduction. We note that

$'(i) > 0 in (0, R), because $(£) is the average of the subharmonic function $(]x|)

over 3Bt and it is nondecreasing. We also note that the lemma does not hold for

unbounded domains, in general. We shall discuss unbounded domains in §2.

PROOF. Since the right-hand side of the equality, let us denote it by u, is har-

monic in D, it is sufficient to show that u(x) tends to $(|xo|) as x G D approaches

to a regular boundary point x0 of D. By definition of ut,

r /   ^        Í 1,      t < |x0|,
hm uAx) = {    '     ±

x^xo      K   ' (0,      t> |X0|,

and so, by the Lebesgue convergence theorem,

lim   f   &(t)ut(x)dt = [  ° $'(t)dt = *(|x0|) - $(0).
x-"x° Jo Jo

Hence i¿(x)—> $(|xo|) (x ^ xo).    Q.E.D.

COROLLARY 1.2. Let D be a bounded domain and let h^p\x,D) be the least
harmonic majorant of \x\p in D.  Then

/•oo

h{p)(x,D)=p        tp-lut(x)dt.
Jo

LEMMA 1.3.   Let D be a domain in Rd containing the origin.  Then

h(p){0,D) < - f \x\p'ddx,
a Jd

where a denotes the surface area of the (d — 1)-dimensional unit hypersphere dBf.

PROOF. We may assume that D is bounded. Let ut(x) = u>(x, (3Bt)C\D, BtC\D)

and vt(x) = u>(x,(3Bt) n D,Bt). Then ut(x) < u/t(x) < vt(x) in Bt n D and

vt(0) = (1/cr) f,dB ,nDds, where ds denotes the surface area element. Hence, by

Corollary 1.2,

/•OO

h{p)(0,D)<p        f-ivtWdt
Jo

= P[00tr-dif dslt^dt
a Jo (J(dBt)nD     J

= - / \x\p-ddx.    Q.E.D.
o- Jd

The equality assertion will be given in Corollary 2.3.

THEOREM 1.4.   Let D be a domain in Rd containing the origin. ffp<d, then

h<P)(0,D)Vp <r(D),

where r(D) denotes the volume radius of D.

The equality assertion will be also given in Corollary 2.3. The inequality in the

theorem was first shown by Pólya and Szegö [Pó-Sz, p. 115] for the case d = p = 2
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and D is simply connected. Multiply connected domains were treated by Payne

[Pa] and he proved the inequality for p — 2 and arbitrary d, see Bandle [Ban, p.

70]. Kobayashi [Ko] gave a new proof for the case d = p — 2.

PROOF. Let XD = {Ax;x 6 D} for A > 0. Then Mp>(x,AL>) = ApMp>(x/A,£>)
and so hte>(0,\D)1'P = A/i^(0,£))1/p. Since r(\D) = \r(D), it is sufficient to

show that Mp'(0, D) < 1 for a domain D having the same volume as Bf has. If

p < d, then \x\p~d > 1 in Bf and |x|p_d < 1 outside Bf. Therefore

/ |x|p-dcix < f   \x\p-ddx
Jd Jbi

for every domain D having the same volume as Bf has. Since the right-hand side

is equal to a/p, by Lemma 1.3, h{p\0, D) < 1.    Q.E.D.
In the theorem, we have assumed that p < d. How about p > d in the theorem?

To make clear these things, we introduce a number c(p) = c(p, d) defined by

c(p) = sup{Mp)(0, D)1/p; 0 G D and r(D) = 1}.

Then, by definition,

/i(p)(0,L»)1/p <c(p)r(D)

for every domain D containing 0.   It follows that c(p) > 1 for every p, because

Mp)(x,i?i) = 1. Theorem 1.4 asserts that c(p) = 1 if p < d.

2. Integral representations of the least harmonic majorants for un-

bounded domains. Let / be a bounded boundary function of an unbounded

domain D, that is, a bounded Borel measurable function defined on the boundary

3D of D. For the sake of simplicity, we assume that / is nonconstant and con-

tinuous and set m = infiearj> f(x) and M = snpx€dD f(x). The argument below

is valid for arbitrary bounded functions if we replace definitions of m and M by

suitable ones.

Let HR (resp. H_R) be the solution in Br D D to the Dirichlet problem with

boundary values / on 3(BR n D)\((3BR) n D) and M (resp. m) on (3BR) n D.

Then HR (resp.   H_R) decreases (resp.   increases) and converges to a harmonic

function H    (resp.   Hf) in D as R increases to oo.   Since HyR(x) < H_*(x) <

H (x) < HR(x), H (x) (resp. Hf (x)) converges to /(xo) as x G D approaches to

a regular boundary point xo of D. We call a bounded harmonic function u in D a

solution to the Dirichlet problem with boundary values / if u(x) —> /(xo) (x —> xo)
_r ,

for every regular boundary point xq of D. H   and W are such solutions.

If if = H_, we denote it by H^. The following lemma shows that it is a unique

solution to the Dirichlet problem:

LEMMA 2.1. The following conditions on an unbounded domain D are equiva-

lent:

(i) For any given bounded boundary function of D, a solution to the Dirichlet

problem is determined uniquely.

(ii) Every bounded harmonic function in D having nonnegative boundary values

except a set of capacity zero is nonnegative in D.

(iii) H = Hf for some nonconstant bounded continuous boundary function f of
D.

(iv) \imR^00u)R(x) = 0, where uiR(x) = u(x,(3BR)n D,BrC\ D).
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PROOF. It follows that HR - H_R = (M - m)ujR for every R. Hence (iii) and

(iv) are equivalent. It is evident that (ii) implies (i) and (i) implies (iv). Assume

that (iv) holds and let u be a bounded harmonic function in D having nonnegative

boundary values. We shall show that u is nonnegative in D. Let |u| < C in D.

Then u + Cujr has nonnegative boundary values in BR (1 D and so nonnegative in

Br Pi D. Hence u = lim/{^00(u + Cuir) is nonnegative in D.    Q.E.D.

For an unbounded domain D satisfying limwfi(x) = 0, let ut(x) be a unique

solution to the Dirichlet problem with boundary values X(dD)\(B,udBt)- Now we

show

PROPOSITION 2.2. Let $ be an unbounded function continuous on [0, co) and

continuously differentiable in (0, oo) such that $(|x|) is subharmonic in Rd. Let h

be the least harmonic majorant o/$(|x|) in D.  Then

(1)

/•OO

h(x) < /     &(t)u;t(x)dt + $(0),
Jo

where ut(x) =u(x,(3Bt) C\D,Bt V\D) for xG BtC\D and = 1 for D\Bt.

(2) //liminfft^oo $>(R)u)R(x) = 0 for some x in D, h can be expressed as

roo

h(x)= /    $'(i)tit(i)dr + $(0).
Jo

PROOF. First we note that, by the Harnack inequality, liminf $(R)ujr(x) = 0

for some x in D implies the same holds for every x in D. Next we note that

liminf $(R)íjJr(x) = 0 implies limwß(x) = 0. Hence ut(x) is well defined.

Let hR be the least harmonic majorant of $(1x1) in Dr = BR n D. It is easy to

show that hR increases and converges to h as R increases to oo. By Lemma 1.1,

rR
hR(x) =  /    V(t)uuR(x)dt + $(0)

Jo

for x in DR, where utM(x) = w(x, (3DR)\(Bt U dBt),DR). Since ut,R(x) < wt(x)

in Dr,

hR(x) < /    &(t)ut(x)dt + <¡>(0)
Jo

and so, by letting R tend to oo, we have (1).

Since, for every fixed t > 0, üt,R converges to ut as R tends to oo, by the Fatou

lemma,
roo

h(x) > /     $'(i)ut(i)di + $(0).
Jo

On the other hand üt,R < ut + ojr in Dr and so

rR

hR(x) < /    $'(t)(ut(x) + ojR(x))dt + $(0)
Jo

rR

= /    &(t)ut(x)dt + ($(Ä) - $(0))wR(i) + $(0).
^0
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Hence, by letting R tend to co, we have

/•OO

h(x) < /     &(t)ut(x)dt + Q(0)
Jo

if lim inf <S>(R)uR(x) = 0.    Q.E.D.
Now we deal with the problem when the equality in Lemma 1.3 or Theorem 1.4

occurs.

COROLLARY 2.3. Assume that h^(0,D) < oo. Equality holds in Lemma 1.3

or Theorem 1.4 if and only if D = BR\E for some R > 0, where E is a relatively

closed subset of Br with capacity zero.

REMARK. If d = 1, then a set of capacity zero is the emtpy set. Hence equality

holds if and only if D is an interval whose middle point is the origin.

PROOF. If D — Br\E, then equality holds evidently. Assume that equality in

Theorem 1.4 holds. Then, by the argument in the proof of Theorem 1.4, we see

that equality holds in Lemma 1.3. So we may assume that equality in Lemma 1.3

holds.

Since

^ / \x\p~ddx = p H tp-lvt(0)dt
° Jd Jo

andwt(0) <ut(0),
roo

/     íp_1wt(0)dí < oo
./o

and so liminft^oo tpuit(0) — 0. Hence, by Proposition 2.2,

roo

h{p)(0,D)=p        tp'lut(0)dt.
Jo

From the assumption and ut(0) < vt(0), we see that ut(0) — vt(0) for almost every

t > 0. If there is a ball Bto such that c&pBto\D > 0 and D\Bto ^ 0, then

ut(0) < u)t(0) < vt(0) for every í in a neighborhood of to. Hence D is a domain

mentioned in the corollary.    Q.E.D.

PROPOSITION 2.4. Lei $ and h be as in Proposition 2.2. //h(x) < oo for some

x in D, then $(R)wR(x) converges as R tends to oo and

lim^(R)ujR(x) < h(x) - $(0).

PROOF. Let /i*"*(0) be the solution in DR = BR n D to the Dirichlet problem

with boundary values $ - $(0) on 3(BR n D)\((3BR) n D) and 0 on (3BR) n D.

Then

hR = hR-^0) + ($(Ä) - $(0))w« + $(0)     in DR,

0 < hR~  v ' < hR — $(0) < h — $(0) and hR~  ( ' increases as R increases. Hence

*(fi)wÄ(z) = hR(x) - hR-*(0)(x) + $(0)wA(i) - $(0)

converges to a limit not greater than h(x) - $(0).    Q.E.D.
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COROLLARY 2.5.   Let D be a domain in Rd, d>2. L/Mp)(x, D) < oo, then
roo

/i(p)(x,D)=p /     tp-lut(x)dt.
Jo

PROOF. Take q so that 0 < q < p. Then, by Proposition 2.4, limRpu>R(x) < oo

and so limRqujR(x) = 0. By Proposition 2.2, h^q\x,D) can be expressed as above

replacing p by q. Since limg^p M?'(x, D) = h^(x,D), for details see Lemma 4.1,

we have the desired representation.    Q.E.D.

REMARK. If d = 1 and p > 1, then Mp)(x, D) — oo for an unbounded interval

D = (-a, oo), where a > 0, whereas p/o°°ip~1ut(0)di — ap. If d = p = 1, then

h^(0, D) = 2o whereas /0°° ut(0)dt = a. Hence Corollary 2.5 does not hold in the

case d = p — 1.

After the author completed this section, he knew from M. Essén that Essén,

Haliste, Lewis and Shea [E-Hal-L-Sh 1 and 2] discussed the existence of harmonic

majorants of $(|x|) as well as the equality stated in Proposition 2.2. From their

results we know that, in the case d > 3, if limwt(0) = 0 and if pj tp~1ut(0)dt < oo,

then /¡,(p)(0, D) < oo. In the case d — 2, the condition on uit must be replaced by

lim(logi)wt(0) = 0. In both cases, we obtain the equality stated in Corollary 2.5.

3. Estimations of harmonic measures ujr(x) and constants c(p). We

recall that the harmonic measure u)r(x) for a given domain D is defined by ojr(x) =

ui(x, (dBR)r¡D,BRÍ)D). In this section, we shall show three estimations of u>r(x):

Lemmas 3.1, 3.4 and 3.13. Combining these with the integral representation of

Mp)(0,D), we have estimations of /¡.(p'(0, D). Especially, we see that c(p) defined

in §1 is finite for every p.

1. The first estimation is very elementary and uses the Harnack inequality and

the maximum principle for harmonic functions. First we show

LEMMA 3.1. Let D be a domain in Rd having the same volume as Bf has.

Then

u3r(x) < (CR)-dwR(x)

for x in Br D D, where C = (4((3/2)d - l)/3)1/d.

PROOF. Since

f3R Í a
a vt(0)td-1dt= dx<vo\Bf = 1,

J2R J{B3R\B2R)nD d

there is at least one t G [2R,3R\ such that vt(0) < (l/(3d - 2d))R~d. We apply

the Harnack inequality to the positive harmonic function vt defined in Bt and

obtain vt(x) < 3 ■ 2d~2vt(0) for x in Bt/2 and so vt(x) < (CR)~d in Bt/2. Since

<*>3r(x) < (jjt(x) < vt(x) in Bt n D and i/2 > R,

w3ñ(x) < (CR)-dut/2(x) < (CR)-duR(x)

in BR n D.    Q.E.D.
By using Lemma 3.1 we have

PROPOSITION 3.2.   Let D and C be as in Lemma 3.1.  Then

wt(0) < {(G79)i}-W2){log3(Cu-i}

for t > 3/C.
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PROOF. Take n so that 3n < Ct < 3n+1. Then by using Lemma 3.1 repeatedly,

we have

<*(0) < w3.3-.-Vc(0) < S-^W-i/cCO) < 3-dnin-1)/2uJ3/c(0) < 3-dn^n-^2.

Since Ct < 3n+1,

n(n - l)/2 > {log3(Ci) - l}{log3(Ci) - 2}/2

and so
g-dn(n-l)/2 <   r /ç. /g\f 1-(d/2){log3(Ct)- 1}        Q.E.D.

COROLLARY 3.3. If D has finite volume, then limt_ooipa;t(0) — 0 for every

p.  The constant c(p) is finite for every p.

PROOF. The first assertion follows from Proposition 3.2 immediately. The

second follows from Propositions 2.2 and 3.2.    Q.E.D.

2. The second estimation is obtained by solving a differential inequality. In the

argument, we assume that d > 2. The idea is very simple and the estimation has

many applications. After the author gave a proof he found that Carleman [Cl]

used the same idea in the case d = 2, not for balls but for half planes.

Assume that d > 2. For 9 with 0 < 9 < 1, let S(9) denote a spherical cap on

3Bf defined by S(9) — {y G 3Bf\a < yi < 1}, where -1 < a < 1 and a is chosen

so that JS,S) d9 — 9. We define a function F on [0,1] by

m.,f        *%,
J(dBy\S(e) \y-e\d

where e— (1,0,... ,0). Our second estimation is the following:

LEMMA 3.4. Let D be a domain in Rd, d > 2, and let x be a point in D.

Then, for every r and R with \x\ < r < R,

(eXp-/

rR pig \      \

Wfi(x) < ( exp- /    —j-dt 1 wr(x),

where 9t = ¡{dBt)nD d9 = 9((3Bt) n D).

PROOF. Let Tt = (3Bt) n D and 6 > 0. By the maximum principle, we have

ojt (x) - ujt+6 (x) > I inf (wt - uJt+s ) j wt (x)

in Bt n D. We note that

tút - Ut+6 = 1 - Wt+6 > 1 - Vt+S

on rt, where vt+s(-) = u(-,(dBt+s) fl D,Bt+s)-   We may assume that 9t is a

continuous function of t. By the Poisson formula,

for z onYt and so

1 - vt+s > (F(9t)/t)8 + o(6)
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on Tt for small 6 > 0. Hence

Mx) - Lüt+6(x))/Lüt(x) > (F(9t)/t)6 + o(6)

for small 6 > 0. Take an increasing sequence {tj}j=0 of positive numbers so that

to = t, ife = R and tj — tj-i is sufficiently small for each j. Then

/ ov(x)_\      A       /a^foU     v ^(xj-c^x)

g Wwj ¿í  v ̂ .(x) ; - ¿-   ^.^(x)   •

Combining this with the above estimation and letting k tend to oo, we have

,og(^M) >/"«*.    Q.E.D.

REMARK 1. Let D and x be as in Lemma 3.4. For t with 0 < t < |x|, let

u*(x) = lim w(i, (3Bt) n D, (ßfinD)\(ßtuast))-
it—»oo

Then, for every r and R with 0 < r < R < \x\,

R^^dt(rv/ wñ(x).

A proof is given as above by using the Poisson formula for the exterior of a ball.

REMARK 2. Let D[ be a connected component of Dt = BtDD containing x and

let 9't = 9((3Bt) n 3D't). The inequality in Lemma 3.4 holds even if 9t is replaced

with 9[.
Next we summarize the properties of the function F.

LEMMA 3.5. The function F defined before Lemma 3.4 enjoys the following

properties:

(1) F is continuous and decreasing on (0,1].

(2) F(9) >21~d(l-9) on (0,1].

(3) F(9) = 2x-d(l - 0) + o(l - 9) as 9 — 1.

(4) There is a positive constant C depending only on d such that F(9) >

ce-i/(d-i) in a neighborhood of 9 = 0.

(5) Ifd = 2, F(9) = (l/Tr)(l + cosir9)/simr9 and F(9) = (2/tt2)9'1 + 0(9) as

e^o.

REMARK. If a function F satisfies the inequality in Lemma 3.4, then F(9) tends

to 0 as 9 tends to 1 in the case d > 3.

PROOF. It is easily verified that F satisfies (1) to (3). To show (4) and (5), we

introduce a function 9 defined on [—1,1] by

9(a) = / d9(y).9(a) = f
J-l<Vi<a

Then 9 is a continuous and increasing function satisfying 0<9<l,9(a) = l

and F(9) can be expressed as

F(9) = 2s:e-^-V     dQ(yi)

(2-2yiyr<
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because

d

\y - e\2 = (yf -1)2 + J2 v] = (Vi - !)2 + (1 - yï) = 2 - 2Vl.
3=2

Since <7d(9(a + 6)- 9(a)) = (6/\y - ae\) x od-f \y - ae\d~2 + 0(6), where \y\ = 1

and yi = a, and so \y — ae\2 — 1 — a2,

dQ(yf) = Cf(l-y2id-VI2dyf

and
.     .,„ /-0-»(l-«) ri _|_„,1(<l-3)/S

-dyi
re-1 (.1-0)  M    ,        \(d-3)/2

F(9) = 2^2Cf / (1+       W2    '
7-1 (i-yi)^2

where Ci = ad-i/o-d.

Setting yf = sin y?, -7r/2 < ¡p < rt/2, we have

«r/2

0 = 1- 9(a) = Ci /      (cos >p)d-2d<p,
J ¡p0

where <£0 satisfies -7r/2 < ipo < 7r/2 and sin <p0 = «• Since

r \cosv)d-2dp > r2 (c™ Vf-2 s™ <pd<p=(cos/°)d"1
J<Pq Jipo

cos <po      V d - 1J

If 9 < 1/2, then a > 0 and so

The integral on the right-hand side of the equality is greater than

r-Po 1 >    /-^o     sin^    ¿    = _J_i

Jo     (cos<p)2       ~ 70      (cos^)2   ^      COS^o

Hence
F(9) > F(l/2) + 2l-d'2Cf(C29~l/{d-l) - 1),

where C2 = (Ci/(d-l))1/(d-D.

If d > 3, then
r° (l + yi)(d"3)/2

/.
-dj/i < 1

-1     (I-2/1)3/2

and so .F(l/2) < 21~d/2C1. Therefore, by taking a smaller constant C than

2l~d/2CfC2, we have F(9) > Cö"1/^'1) in a neighborhood of 9 = 0. If d = 2,
then

/e",(1-8)(i + vi)^a_.       fa   d + yi)

7-1      (1-^3/2^=y_l(1_J/2)3/2 "3

/

%i

v3°   1 + sin </? 1 + sin <po
-,-\2dV= -

T/2   (cOSipy COS£>0
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and
r-ir/2

(l/7r)y       dtp=-(^-<poy
'<Po

Hence
,.       11 + sinipo       ll + cos7rö

b \y) =-=-;—w—
Tt    cosido i"    sin7T(y

and

F(9) = (2/tc2)9~1 + 0(9)

in a neighborhood of 9 = 0.    Q.E.D.

PROPOSITION  3.6.   Let D be a domain in Rd, d > 2, containing the origin.

Then

Mp)(0,D)<p í°° W^expl- Í   SldiJdÄ,

where 9t = 9((3Bt) n D) and F is a function defined before Lemma 3.4.

PROOF. By Lemma 3.4,

KR^dt

Hence the proposition follows from Proposition 2.2.    Q.E.D.

We denote by I^P\D) the right-hand side of the inequality in Proposition 3.6. It

is easy to show that 1^ (AD) = Ap/(p) (D) for A > 0. Let 9¡ be the nonincreasing

rearrangement of 9t ■ It is a function on [0, oo) which has the same distribution

function as 9t has and is defined by öt* = inf{a > 0;m(a) < t}, where m(a) is the

1-dimensional Lebesgue measure of {t;9t > a}. 9% is continuous on the right and

so

D* = Bp U {x e R^Wje-^l - 0¡x¡) < Xf/\x\ < 1}

is a domain, where 9 denotes a function defined in the proof of Lemma 3.5 and Bp

is a ball contained in D. Since 9\ = 9((3Bt) n D*) and

Jo        t - Jo       t
weseel^(D) <I^(D*).

By using these notations we have

LEMMA 3.7. Let D be a domain in Rd, d > 2, containing the origin and

having finite volume. Then there is a domain D containing the origin and having

the same volume as D has such that I^(D) < I^(D) and 9t = 9((3Bt) n D) is

nonincreasing.

PROOF. Since
/"00 /»OO

volD* = ct /     9¡td-1dt <ct        9ttd-ldt = volD,
Jo Jo

we can choose A > 1 so that volAL>* = volL>.  Then I^(\D*) = XPI(-P\D*) >

f(p)(D*) > /(p)(D). Hence D = AD* is the desired domain.    Q.E.D.

In the definition of F we assumed that d > 2, but the following proposition holds

for every d > 1.
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PROPOSITION 3.8. There is a constant C depending only on d such that c(p) <

Cp{d-1)ldforp> 1.

PROOF. First we deal with the case d > 2. Let D be a domain containing 0

and having the same volume as Bf has. We shall apply Proposition 3.6 to estimate

Mp) (0, D) and so, by Lemma 3.7, we may assume that 9t is nonincreasing. Since

rR roo

Rd9R = d       9Rtd-ldt<dj    9ttd-1dt = l
Jo Jo

for every nonincreasing 9t, 9r < R~d for R > 0. By (4) of Lemma 3.5,

F(9) > C19-1/(-d-V

for 9 with 0 < 9 < C2 and so

F(9R) > CfRd/(d-V

for R > C3 = C21/d. Hence

fR lMdt > ¡R FMdt = Cab*/(*-» - c5
Jo      t Jc3     t

for R > C3, where C4 and C5 are positive constants. By Proposition 3.6,

/•C3 roo

Mp)(0,D)<p /     Rp-1dR + p(expC5)        W~l exp(-CARdl{d-l))dR.
Jo Jc3

Since, for positive constants A, B, p and q,

roo roo

/     Rp-1exp(-{BR)q)dR = (qBp)-1 tp/q~l exp(-í)dí
Ja J(ab)«

< (0ßp)-1r(p/o),

^(p)(0, D) < Cl + C6pC7-pT(p(d - l)¡d)

for some positive constants C% and C-j. Combining the inequality with the Stirling

formula on the T-function, we have the desired estimate.

Now we discuss the case d = 1. We note the following simple fact. If D c BR,

then h^(x,D) < Rp and so h{-p)(x,D)1/p < R. In the case d = 1, a domain con-

taining 0 and having the same volume as Bf has is just an open interval containing

0 and having length 2, so D is always contained in B2 and Mp'(0, D)1/p < 2. Hence

we can take (7 = 2.    Q.E.D.
3. The third is given by using the Carleman differential inequality and the

Poincaré-Wirtinger type inequality. There are many works on the subject. We

refer to Carleman [C2], Tsuji [Tsl] (or [Ts2, Chapter III, §17]) for d = 2 case and

Huber [Hu] for d > 2. We also refer to a good survey Haliste [Hal]. If d = 2, for

a certain simply connected domain and a certain point x in the domain, we have a

very nice estimation

Wñ(x)<4exp(-i£!)

by using the method of extremal length, see Hersch [Her], Haliste [Hal] and Fuchs

[PI.
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The main difference between our estimation and that of Tsuji or Huber is how to

apply the Poincaré-Wirtinger type inequality. We apply it to ring domains whereas

they applied it to spheres. The difference is not so small. We have many domains

for which their method does not work well, but ours works well. For applications,

see §8.

Before giving the third estimation, we discuss integral inequalities of the Poincaré

and Wirtinger type. For the usual attribution "Wirtinger's inequality", see Mitri-

novic [M, pp. 141-154].

Let / be a continuously differentiable function on [0,7r] satisfying /(0) = f(ir) =

0. Then j07r(/')2dx > f£ f2dx. This is called the Poincaré-Wirtinger inequality.

Equality holds if and only if / is a constant multiple of sinx. There are many vari-

ations of the inequality. For example, if / is a continuously differentiable function

on a cube Q = [0, rt]d vanishing on 3Q, then

/  |grad/|2dx>d / f2dx
Jq Jq

and equality holds if and only if / is a constant multiple of sin xi sin x2 ■ ■ ■ sin xd.

More generally, it has a form

/ |grad/|2dx>a f f2dx,
Jq Jvi

where fi is a bounded domain in Rd and / is a continuously differentiable function

in fi or on fi U dfi. The function / vanishes on a sufficiently large subset N of

fi or fi U <9fi and the constant a depends on an appropriate capacity of N and

does not depend on /. In what follows we shall show several inequalities of the

Poincaré-Wirtinger type and give the constants a explicitly.

The first is a slight modification of the above and is well known, so we omit the

proof.

LEMMA 3.9.   Let f be a continuously differentiable function on [0,0] vanishing

at least at one point on [0,6}.  Then

£«?**&)*£ ?*■

For y = (j/i,... ,y¿) ^ 0, let Py be the orthogonal projection to a hyperplane

yfXf H-VydXd = 0.

PROPOSITION 3.10. Let fi be a convex domain with diameter 6. Let f be a

continuously differentiable function in fi and let N — {x G fi; f(x) =0}. // there

are a finite number of nonzero vectors y^1',..., y^n> satisfying

3 = 1

then

/n|grad/|2dx>i(¿)7n/2dx.
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PROOF. Let e = (1,0,..., 0). Then Pe(x) = (0,x2,... ,xd). If (0,x2,... ,xd) G

Pe(N), by Lemma 3.9,

where L = finPe 1((0,x2,... ,Xd)). Hence,

where Ne = 0 n Pe_1(Pe(AT)). The inequality with e replaced by y holds for every

nonzero y and so

„/^»d/i^ > (%y±iu> ^ >- (i)'^*- qed-

Next we treat other projections in the case d = 2.

PROPOSITION 3.11. Leí f be a continuously differentiable function in an an-

nulus A = {x G R2;r < |x| < R} and let N = {x G A;/(x) = 0}. 7r follows

that

(1) // {x/|x|; x G iV} = d-Bi, í/ien

(2) 7/{|x|;xG iV} = (r,Ä), í/ien

PROOF. For each fixed s, by Lemma 3.9,

•R /ar\ 2 /      _      \ 2   rR

L {%) <->***{m=r)) L *"*■
Since

idf\2 , fiar

and

1«""^ -(it) +(iir,)   '"A-

cm—cm«
rR ,       rR

J    f2dt-Rj     iHdt>

we have the desired inequality in (1).

To show (2), we fix t with r < t < R and apply the Poincaré-Wirtinger inequality.

Then

jf (g)Vj**ijf/V">*.
Multiplying both sides by t and integrating both sides from r to R, we obtain

Hence (2) follows.    Q.E.D.
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REMARK. If we replace A by A(9) = {tels G R2;r < t < R, -n9 < s < tc9},

where 0 < 9 < 1, the same inequality holds by replacing A by A(9) in (1). In (2)

we replace 1/(4Ä2) by l/(1692R2). Note that A ¿ A(l).

We return to an arbitrary d > 1 and show

PROPOSITION 3.12.   Let fi, 6, f and N be as m Proposition 3.10.  Then

PROOF. We use notations in the proof of Proposition 3.10. We have proved

/niP«ui^>(è)7„/.fc

for every nonzero y. Hence

=S)7„{/s„/2,w-Wdsfe))/2^

where 5(1/2] = {y G 3Bf-,yf > 0} and \Ny denotes the characteristic function of

Ny.
Set Lx(y) = {x + ty G fi; t G R} and Sx = {y G S[l/2};Lx(y) n N ¿ 0}. Since

iv c Uygs, ^(y)for every x in °>

6d  f 6d   f
voliV < — /    ds(y) = — / XNy(x)ds(y)

«   ySx "   -/S[l/2]

for every x in fi. Combining these inequalities, we have the desired one.    Q.E.D.

REMARK. Propositions 3.10-3.12 are valid if fi or A is replaced by its closure.

Now we show the third estimation of harmonic measure wh(0). We extend

wr(x) onto Br by putting 0 on Br\D. Then ur, we consider limsupy^ojR(y)

if necessary, is nonnegative subharmonic in Br and vanishes almost everywhere

on Br\D. In what follows we use only these properties of ojr. For example,

the argument is valid for uit, t > R, and ut, t > R, if it is well defined, see

before Proposition 2.2. So we write u for ujr and assume that u is nonnegative

subharmonic in Br.

Set

M(t) = -A- /    u2ds = f    u2d9
'     t*-la JdBt JdBt

for t in (0, R). Since u2 is also subharmonic in Br, M satisfies (1) 0 < M <

co, (2) limt_^o M(t) = tt2(0), (3) M is nondecreasing and is a convex function of

r2~d, — logr if d = 2. By using these notations we show

LEMMA 3.13.   Let u and M be as above, ffu satisfies

f   \gradu\2dx>a(t)[  u2dx
J At J At
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for every t with r < t < 2r < R/2, where At = {x G Rd; t < \x\ < 2t}, then

M(r)<(c Í    a(t)tdt+l\     M(4r),

where C = (2d - l)/(2d~3d).

PROOF.   By an approximation process, we may assume that u is sufficiently

smooth. In this case M is differentiable and

M'(t) = 2 f    u^d9 = -C2— f    u^ds,
K>       JdBt    dt V-^JaB,   dn

where du/dn denotes the exterior normal derivative of u on 3Bt.  Hence, by the

Green formula,

M'(t) = /   («Au + |gradu|2)dx.

Since u > 0 and Au > 0 in Bt, the right-hand side is not less than

,  ,     /    |gradu|2dx.
td-x<yJBt

Hence, by taking 2i for t, we have

m'(2í) ̂  (2¡f% Ligradu|2 dx * w=% L|gradu|2dx-

By the assumption, we have

Since M(t) is nondecreasing,

r r2t rît

\   u2dx = a        M(t)td-xdt>aM(r)        t^dt
J At Jt Jt

and so

M'(2t) > (C/2)M(r)a(t)t

for every t with r < t <2r. Hence

/2r r2r
M'(2t)dt>CM(r)        a(t)tdt

and

/2r a(t)tdt + M(r).    Q.E.D.

REMARK.  From the proof, we know that, to show Lemma 3.13, it is sufficient

to assume that

/    |gradu|2dx > a(t) / u2dx,
J At JBbt\Bat

where 1 < a < b < 2. In this case we take C = (bd - ad)/(2d~3d). We shall use

this argument in Example 3, §8.
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Finally we show the following estimation of Mp)(0, D):

PROPOSITION 3.14.   Let D be a domain containing 0. if, for each t > 1,

í   |grad/|2dx>a(í) f   f2dx
J At J At

for every continuously differentiable function f in At which vanishes almost every-

where on At\D, where At = {x G Rd; t < \x\ < 2t}, then

{°° 3     /        r2-4k \

l + (4p-l)^4PJ J[ \C a(t)tdt + l)
J=o      k=o\   Jik )

-1/2'

where C denotes a constant given in Lemma 3.13.

PROOF. To estimate ojr(0) for R > 4, take j so that 4J+1 < R < 4-?+2. Since

u)r vanishes almost everywhere on At\D and ujr < 1 in Br, by applying Lemma

3.13 for u = uir repeatedly, we have

-i
J       I r¿1-

M(l) <]] [C a(t)dt + l
r_n \    Jik

and so
2-4* -1/2

uR(0) < 17 ( C f      a(t)tdt + l
fc=oV   hk

By Proposition 2.2,

-4 OO r4' + 2

Mp)(0,D) <p /   Rp-ldR + pS^ Rp'xujR(0)dR
Jo ~o^3+1

and we have the desired estimation.    Q.E.D.

COROLLARY 3.15.   if there is a number jo such that, for every j > j0, a(t) >

(2/(3C))16p-J on [4^,2 • 4>], then Mp)(0,D) < oo.

PROOF. From the assumption, we have

2-4"

C I       at dt + 1 > 16p + 1
4fc

for k> j0. Take q > p so that 16« = 16p + 1. Then

4M J     [C/ ûidi + l) < ^ 4«o J [ I, 4(P-«b
fc=C

J     (        r2-4k \-1/2 ( 30   Ï

for j   > jo-    Since 4P_<?   <   1, by Proposition 3.14, we see that Mp)(0,D)   <

oo.    Q.E.D.

4. c(p) as a function of p. In §3, we have proved that c(p) is finite and satisfies

c(p) < Cp(d~l^d for p > 1. In this section we shall show more about c(p) as a

function of p. First we show the following lemma for a fixed domain:
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LEMMA 4.1. Let D be a domain and let x be a point in D, and fix them. Set

-f(p) = h^(x,D)x'p.  Then

(1) 'y(p) is a nondecreasing function of p.

(2) log^l/i) is a convex function oft, t varies on (0,1] if d = 1 and on (0, oo)

ifd> 2.

PROOF. (1) Since Aha = a(a - l)ha-2 ¿Z(dh/dxj)2 + aha"lAh for a constant

a > 0 and a function h > 0, Aha > 0 if a > 1 and Ah > 0. Hence (h^)<¡/p is

subharmonic in D if q > p. If D is bounded, then both (h^p')q/p and h^ have the

same boundary values |x|9 except a set of capacity zero and so (Mp))9/p < h^ in

D. Hence, by taking an exhaustion of D if necessary, we have (Mp))1/p < (h^)l/q

for q > p.

(2) It is sufficient to show that

(l/p+l/q)log/i(2/(1/p+1/«)) < (1/p) log/i(p) + (l/0)fog/i^)

in D and the inequality follows if we show

s = exp(l±l iog hWWP+i/a)) _ Q log h(P)
\  p p

is subharmonic in D. Since Aexp/ = [Y^f2. + A/J exp/, where fXj = 3f ¡3x3,

and Alog/i = (/iA/i ~Zh2Xj)/h2, setting X,- = /lii2/(1/P+i/g))//i(2/(1/p+1/q)) &nd

Yj = hxp}/h(p\ we have

g(p + q)

2^y p    j   p i j     2^y p    3    p j

-p2—E^-Y^2

and so s is subharmonic in D.    Q.E.D.

Now we show the properties of c(p).

THEOREM 4.2.   ft follows that

(1) c(p) > 1 for every p and c(p) = 1 if p < d.

(2) There exist positive constants Ci and C2 depending only on d such that

Cfp(d~1Vd < c(p) < C72p<d-1)/d

for p > 1. if d = 1, we can take Cf — I and C2 = 2.

(3) c(p) is a nondecreasing function of p.

(4) logc(l/i) is a nonnegative convex function oft, t varies on (0,1] if d = 1

and on (0, co) if d > 2.

PROOF. We have mentioned (1) at the end of §1. Properties (3) and (4) follow

immediately from Lemma 4.1. In Proposition 3.8, we have proved c(p) < G2p(d~x^d

for p > 1 and that we can take C2 = 2 in the case d = 1. What we have to do

is to show c(p) > Cfp(d~l}/d for p > 1 in the case d > 2. We shall show it by

constructing a domain D satisfying Mp)(0, D)1/,p > CfP^d~1^d.

Let B'r = {x' = (x2,...,Xd);|x'| < r} and let D = (-r,R-r)xB'r, where R > r.

For given large R we take r so that volD = volBi, namely, r = C3R~l^d~1\
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where C3 = (d - l)ad/(do-d-i)- Let u(x) = w(x, {R - r} x B'r, D). We shall take

a subharmonic function s in D having a form s(x) = f(xf)g(x') such that oj > s

in D. Since Mp'(0,D) > (R - r)pw(0) > (Ä - r)ps(0), we get h^(0,D)llp >

(R - r)s(0y/p.

Let g(x') = 1 - C4|x'|2r-2 on {|x'| < r/2} and be equal to a solution to the

Dirichlet problem in {r/2 < |x'| < r} with boundary values g(x') on {|x'| = r/2}

and 0 on {|x'| = r}. We choose a positive constant C4 depending only on d so that

g is continuously differentiable in B'r.

Let f(xf) = (exp(axi) - exp(-ar))/(expa(ñ — r) — exp(-ar)) for a > 0. Then

f(—r) = 0, f(R - r) = 1 and /" = a? f + b for a suitable constant 6 > 0. Since

As = A(fg) = f"g + fA'g = f(a2g + A'g) + bg

in D in the sense of distribution, where A' denotes the Laplacian in B'r, and since

A'g = -2(d - l)C4r~2 in {|x'| < r/2}, s is subharmonic in D if a is taken so large

that a2g - 2(d - l)C4r"2 > 0 in {|x'| < r/2}. Since g = 1 - C4/4 on {|x'| = r/2},

we take a = C5r~\ where C5 = (2(d - 1)C4/(1 - C4/4))1/2- Thus we have a

subharmonic function s(x) = f(xf)g(x') in D satisfying lo > s in D.

Since s(0) = /(0) = (exp(ar) — l)/(exp(ai?) — 1) > ar/exp(aiî), ar = C$ and
aR = (C51>C3)Rd>'^-V,

(R - r)s(0y/p > C¡/P(R - r) exp(-(C5/C3)it!£i/(^1)/p).

Take R so that p = i2d/(d_1) and assume that p is sufficiently large. Then R =

p(d-i)/d and

(R-r)s(0)l/p>CfP{d-1)/d

for a positive constant Ci.    Q.E.D.

COROLLARY 4.3.   If c(p) = c(q) for p < q, then c(p) = c(q) = 1.

PROOF. Assume that c(g) > 1. Then, by (1) of Theorem 4.2, 1 < p < q. Let

s = 1/p and t = 1/q. Then t < s < 1. By (4) of Theorem 4.2,

lQgc (J) * 1^7logc (r) + Hlogc(1) < logc (0 '

because (1 - s)/(l -1) < 1, c(l/i) = c(q) > 1 and c(l) = 1. This is a contradiction.

Q.E.D.

5. Extremal domains. We call a domain D containing the origin and satis-

fying volD = volß, "extremal" if h^(0,D)llp = c(p), for the definition of c(p),

see §1. We have seen in Corollary 2.3 that there exists a unique extremal domain

except a set of capacity zero and it is the unit ball if p < d. How about the case

p>d?
In this section we deal with extremal domains. First we note that if c(p) > 1,

the extremal domain cannot be the unit ball. A related fact will be shown in

Proposition 5.1.

Next we introduce numbers R(p) and r(p). Let R be a positive number satisfying

the following condition: For every domain D satisfying 0 G D, vol D = vol Bf and

D\Br / 0, there exists a domain D such that 0 G D, vol D = vol Bf, D C Br and

Mp)(0,D) > MP'(0,D). We denote by R(p) the infimum of such R. By definition,
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D c Dß(p) for every extremal domain D. If there are extremal domains, then R(p)

is the infimum of R satisfying D C Br for every extremal domain D.

For the definition of r(p), let r be a positive number satisfying the following con-

dition: For every domain D satisfying 0 G D, volD = vol Si and vol(Br\D) >

0, there exists a domain D such that 0 G D, volD = vol Si, Br C D and

Mp)(0, D) > Mp)(0, D). We denote by r(p) the supremum of such r. By definition,

vol(Dr(p)\D) = 0 for every extremal domain D. If there are extremal domains, then

r(p) is the supremum of R satisfying vol(Sr\D) = 0 for every extremal domain D.

It is easy to show that r(p) < 1 < c(p) < R(p) for every p. In Proposition

5.6, we shall give an estimation of R(p) and, in Proposition 5.9, that of r(p).

In the definition of r(p), we can replace vol(Sr\D) by cap(Sr\D). Indeed, if

vol(Br\D) = 0 but cap(Sr\D) > 0, then D = D U Br is the desired domain.

Hence cap(Sr(p)\D) = 0 for every extremal domain D.

In Theorem 5.10, we shall show the existence of extremal domains. We do not

succeed yet to give a proof in the case d = 2. For the uniqueness, we discuss the

case d = 1. Finally, we shall comment about open problems for extremal domains.

First we show

PROPOSITION 5.1. Ifc(q) — I, then the extremal domain is equal to the unit

ball except a set of capacity zero for every p < q.

PROOF. Let D be an extremal domain for p < q. Then, by (1) of Lemma 4.1,

Mp'(x,D)«/p < h^(x,D) in D and, by the assumption,

1 = c(p) = h{p) (0, D)q/p < h{q) (0, D) < c(q) < 1.

Since h{q)(x,D) is harmonic and h{p)(x,D)qlp is subharmonic, h^p\0,D)qlp =

h^(0,D) implies h^(x,D)q'p = h^q\x,D) in D and so (h^)q<p is harmonic in

D. From a calculation of A(Mp')9/p which was given in the proof of Lemma 4.1,

we see that Mp' is constant and it is equal to 1. Hence |x|p < Mp'(x, D) = 1 in D

andsoDcBi.    Q.E.D.
We shall introduce a modification of a domain D containing 0 and satisfying

volD = vol-Bi. We call it an outer modification. The new domain depends on e.

We denote it by M°D.

Let e be a number with 0 < e < vol Si, let Re be a uniquely determined

number by vol(D\Bfle) = e and let A£ be a number greater than one satisfying

vol(A£Dft£) = vol Si, where Drc denotes a connected component of Brs ("1 D con-

taining 0, note that Drc is not Brc n D as before. Then, by definition, XeDRe

contains 0. We call the domain an outer modification of D and denote it by M®D.

Before we discuss the property of the modification, we need the following esti-

mation of harmonic measures:

LEMMA 5.2. Let C be a number with 0 < C < 1. Then there exists a number

T > 1 depending on d, p and C such that wt(0) < Ctd~p9t for every t > T and

for every domain D containing 0 and having the same volume as Bf has, where

wt(0) = w(0, (3Bt) n D, Bt n D) and 9t = 9((3Bt) n D). Further, for every e > 0,
there exists a constant C2 depending on d, G and e and we can take T so that
T < C2p{d~1)/d+£ for p > 1.

REMARK. Since wt(0) < vt(0) = 9t, if p < d, we can take T = l/C1/^"^. We
shall discuss this type of estimation in Lemmas 6.1 and 6.2.
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PROOF. Let D be a domain containing 0 and satisfying volD = vol Si. Let

91 be the nonincreasing rearrangement of 9t and let D* be a domain containing

0 and satisfying 0* = 9((3Bt) Pi D*), see before Lemma 3.7. Take A > 1 so that

vol AD* = volD and set ¡pt = 9((3Bt) n AD*) = 9*t/x. Then

rR ¡-R ¡-XR r-R

j    F(9t)t~1dt>        F(9*t)t-1dt= F(ift)rldt> i    F(tpt)t~ldt
Jo Jo Jo Jo

and so, by Lemma 3.4,

rR rR

cjñ(0)<exp-/    F(9t)t~1dt<exp-        F(pt)t~ldt.
Jo Jo

fJo

By the proof of Proposition 3.8,

• ñ
F(pt)t-1dt>C4Rdll-d-í) -Cñ

>o

for R > Cz and so
ujt(0) < expC5exp-C*4£<i/(d-1)

for t > C3.

Now we apply the Harnack inequality to vt(x) = ui(x, (3Bt) fl D,Bt) defined in

Bt and obtain

vt(x) < 3- 2d~2^t(0) = 3 ■ 2d-2öt

on the closure of Bt/2. Hence

wt(x) < wt/2(x)        sup        ujt(y) < bJt/2(x) ■ 3 • 2d-20t
ye(dBt/2)nD

in St/2 and so

ojt(0)<3-2d-2ujt/2(0)9t.

Combining this with the above estimation of wt replacing t by t/2, we have

wt(0) < 3.2d-2expC75exp(-c742-d/(d-1)id/('i-1))c/t

for t > 2C3. We write the right-hand side of the inequality as Aexp(-Btd^d~1'>)9t,

where A and S are positive constants.

Let C be a given constant satisfying 0 < C < 1. We shall find a condition on t

for the following inequality:

Aex.p(-Btd,(d-l)) < Ctd-p.

This is equivalent to

(p - d) log t < Btd/(d-x) + log(C/A).

Now fix all numbers other than t and let t increase. Then the right-hand side

increases more rapidly than the left does; the left may decrease. Hence we can find

T such that the inequality holds for every t > T. Next let t = C2p{d~lVd+e and

fix all numbers other than p. Then

(p-d){logC2 + ((d- l)/d + e)logp} < BCd/{d-1)p1+eW(d-i)) +log(C/A)

holds for large p. Hence we can take T < C2p^d~l)/d+£ for large p.
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Finally, we show that T > 1. Assume that T < 1. Take t = 1 and 9f with 0 <

9f < 1. For every a > 0, we can find a domain satisfying 0 € D and vol D = vol Si

such that ujf(0) > 9f — a. Hence the inequality in the lemma does not hold. This

contradiction implies T > 1.    Q.E.D.

Now we discuss the outer modification of domains.

LEMMA 5.3. Let D be a domain containing 0 and satisfying volD = volBi.

Let T be a number given in Lemma 5.2 depending on d, p and C. Suppose that

Mp)(0, D) > 1 and D\BT ¿ 0. If we take M°D so that

0<e<e0 = (o-/p)(l/C-l)

and R£ > T, then Mp>(0,M°D) > Mp)(0,D).

PROOF. We abbreviate Mp)(x, D) by h(x). Take e so that 0 < e < e0 and

R = R£>T. Set hR(x) = Mp)(x,DR) and ut,R(x) = "(*, (3DR)\(BtU3Bt),DR).
Then, by Proposition 2.2 and Corollary 3.3,

rR rR

MO) = P /    tp-lût,R(0)dt > p /    t^ut^dt
Jo Jo

roo

= h(0)-p        tp-lut(0)dt.
Jr

Since ttt(0) < wt(0) < Ctd~p9t and

vol(D\BÄ) = a /     td'l9tdt = e,
Jr

MO) > h(0) - C(p/a)s = MO) - Ce',

where e' = (p/a)e.

Next we consider an estimation of A = A£ from below. Since Dr c Br H D,

AP>/voiBi_y/d>l + p       _l£ = i + p£ = l + £/

\ vol Si - e ) d a

Combining these estimations, we have

hfp\0, M°D) = \phR(0) > (1 + £')(h(0) - C£') - h(0) + (MO) - C)e' - C(e')2-

Since h(0) > 1 and e' = (p/a)e < (p/o)£0 = 1/C - 1,

Mp)(0,M°D) > h(0) + (1 - Cy - C(£')2

= h(0) + (1-C(1+ £'))£'>h(0).    Q.E.D.

LEMMA 5.4. Let D be a domain as in Lemma 5.3. Then, for every a > 0, we

canfind£>0 such that M° D C BT+a and Mp)(0,M°D)-> h^(0,D).

PROOF. Let £o be a number as in Lemma 5.3 and let e3, j = 1,...,n, be

numbers satisfying 0 < £j < e0 and REj > T. We write Mj for M° . Then

M„ • ■ • MiD can be written as M®,,D for some e(n) > 0. We write ñ(„) and A(„)

for R£(n) and A£(n), respectively. By definition, R/n\ decreases as n increases. If

Bp C D, then p < R(ny because p > R<n) implies M®,n-.D — Bf and contradicts

/i(p)(0, M°{n)D) = ri(p)(0, Mn ■ ■ ■ MfD) > h^(0, D) > 1. Hence J2(n) converges to
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a positive number as n increases. This implies that A(ni increases and converges to a

positive number, and so X£ri tends to 1 as n increases to oo. Since APn > l-r-(p/rj)en,

£n tends to 0 as n tends to oo.

Now we take {£j}°^i as follows: £f = So if v0 = vo\(D\Bt) > £o, £i — ^o

if 0 < ^o < £o, and tj — £o if uy-i = vol(Mj_i ■ ■ • MfD\Br) > £o, Sj = ty-i
if 0 < Wj_i < £o for i = 2,3,..., note that Vj > 0 for every j. Because en

tends to 0 as n tends to oo, £n — vn-\ for large n and this means that R£n = T

and M°,n,D = Mn ■ ■ ■ MfD C B\nT, where Xn — X£n. Since Xn tends to 1 as n

tends to oo, we can choose n so that XnT < T + a and £ = e(n) is the desired

number.    Q.E.D

To make everything clear, we introduce a number T(p) — T(p,d). Let T be a

number given in Lemma 5.2 depending on d, p and C. Let Tc (p) be the infimum of

such T. Tc(p) decreases as C increases. We define T(p) as limc^i Tc(p). T(p) = 1

if p < d, because Tq(p) < 1/C1^d~p'> as mentioned in the remark to Lemma 5.2.

By using this notation we have

COROLLARY 5.5.   It follows that R(p) < T(p) for every p.

PROOF. Let T be a number given in Lemma 5.2. Let D be a domain satisfying

0 G D, volD = vol Si and D\BT+a ¿ 0 for a > 0. Then D\BT ¿ 0 and

so if Mp)(0,D) > 1, by Lemma 5.4, we can find D = M°D C BT+a satisfying

Mp'(0,D) > Mp>(0,D). If Mp)(0,D) < 1, we set D = Si c ST+a. Hence T + a
satisfies the condition on R of the definition of R(p) and so R(p) <T + a. Since a

is arbitrary, we have R(p) < T and so R(p) < Tc(p). Hence R(p) < T(p).    Q.E.D.

PROPOSITION 5.6.   It follows that

(1) R(p) = 1 ifp<d.
(2) R(p) > Cip'd_1^d if p > d, where Cf is the same constant as in Theorem

4.2.

(3) If p > d, for every £ > 0, there is a constant C2 depending on d and £ such

that R(p) < C2pV-1)/d+e.

PROOF. (1) follows from Corollary 2.3. Since c(p) < R(p), (2) follows from

Theorem 4.2. (3) follows from an estimation of T in Lemma 5.2 and Corollary

5.5.    Q.E.D.
REMARK. In the case d = 1, every domain containing 0 and having length 2 is

contained in B2, see the proof of Proposition 3.8. Hence R(p) < 2 for every p > 1.

Next we shall introduce another modification of a domain D containing 0 and

satisfying volD = volBi. We call it an inner modification. The domain depends

on £. We denote it by M\D.

Let £ be a positive number, let r£ be the supremum of numbers t satisfying

vol(St\D) = £ and let A£ be a number less than one satisfying vol(A£(Br£ U D)) =

vol Si. By definition, Ae(Sr£ U D) contains 0. We call it an inner modification of

D and denote it by M¡D. In what follows, we set p(D) — sup{i > 0; Bt c D}. By

definition, p(M¡D) = X£r£.

Before we discuss arbitrary domains, we introduce admissible domains and deal

with their modification. If d — 1, every bounded domain containing 0 is admissible.

We assume d > 2 and define admissible domains.
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Let ai =0, a2,..., an+i be strictly increasing numbers and let B^,..., B^ be

open subsets of 3Bf such that B^ = 3Bf and B^"1) n B^ ^ 0 for j = 2,... ,n.

We assume that the boundary of each B^ in 3Bf is smooth if it is not empty

and d > 3, and (3Bf)\B^^ is of positive length if it is not empty and d = 2. Set

E(3) = {x = ry.rG (aj,aJ+1), y G S«}, j = l,...,n, F^1) = {0}, F& = {x =

ry;r = aj,y G ßÜ-^nflW}, j = 2,... ,n, and D = lj"=i(^ü) U F0)). We call a

domain D admissible if D can be expressed as-above. It is easy to show that any

domain can be exhausted by admissible domains and every boundary point of an

admissible domain is regular with respect to the Dirichlet problem. We note that

ifB<2) ¿dBu then p(D) = a2.

LEMMA 5.7. Let D be an admissible domain having the same volume as Bf

has. If q = 21~d/p < 1 and if qp(D)~d > 1 + a for some a > 0, then there is a

positive number £q such that

Mp)(0,MJD) > Mp)(0,D)(l + a(p/<7)£)

for every £ with 0 < £ < £o-

PROOF. For the sake of simplicity, we write p, r and A for p(D), r£ and A£,

respectively. We set r = p + 6, 6 > 0. We note that p is fixed and r and A varies as

£ varies. Further we abbreviate Mp'(x, D) and Mp)(x, Br U D) by h(x) and hr(x),

respectively.

First we take £(i) so small that r = r£ < inf{aj;aj > p} for every £ < £m.

Further conditions on £ we shall mention later. We extend h by setting h(x) = \x\p

on 3D. Then h is continuous on the closure of D and so hr — h is continuous on the

closure of Bp and nonnegative harmonic in Bp. Let Y = (3BP)\D. Since hr > rp

in Br U D and h = pp on T,

hr(0)-h(0)= [    (hr-h)d9
JdB„

> Í(hr-rp)d9+ Í(rp-pp)d9.

We apply the Poisson formula to a positive harmonic function w = hr - rp in

Br and obtain

w(x) > "—?- (-?—)       w(0) > 21~d-w(0)
r     \r+p) r

on T C 3BP. Hence

MO) - MO) > Ö(r){21-d<5r-1(/i(0) - rp) + ppp-H}.

Noticing

£ = o- f 9(T)td-xdt < o-9(T)rd-l6
J p

and setting e' = (p/a)£, we have

M(0) - MO) > (qh(0) - qrp + pp)r"d£'.
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Since

VvolBi+£/ dv '

= 1- -£ = l-e',
a

h(p)(0,M¡D) = Xphr(0)

> (1 - £'){h(0) + (qh(0) - qrp + pp)r-d£r}

= M0){1 + (qr~d - l)e'} + {(pp - qrp) - (qh(0) + pp - qrp)£'}r~d£'.

Now we mention how to take £o. First take Q so that q < Q < 1 and fix

it. Next take £(2) so small that (r/p)p < Q/q for every £ < £(2) and set £(3) =

(o-/p)(l-Q)pp(qc(p)p + l)"1. Then, for every e < min{£(1),£(2),e(3)},

£' = (p/a)£<(l-Q)pp(qc(p)p + iyl

<(pp-qrp)(qh(0)+pp-qrp)-1.

Hence

h^(0,M¡D) > M0){1 + (ar~d - l)£')-

Finally we take £(4) so that qr~d  >  1 + a for every e  < £(4) and set £q  =

min{£(i),£(2),£(3),£(4)}.   Thus we obtain the required inequality for every £ <

£0.    Q.E.D.
Now we return to an arbitrary domain and show

LEMMA 5.8.   Let D be a domain containing 0 and having the same volume as

Bf has. It follows that

(l)IfD^Bf, then p(M¡D) > p(D).
(2) Ifq = 21-d/p < 1 and if q(p(MlED))~d > 1 + a for some a > 0, then

h(p)(0,M¡D) >h^(0,D)(l + a(p/a)Xde£).

PROOF.  We use the same abbreviation as in the proof of Lemma 5.7. To prove

(1), assume that Xr < p = p(D). Then

volM¡D = volASr + vol A(D\Br) < volSp + vol(D\Sr).

If Bp ¿ D, then (Br\Bp) n D = 0 and so volBp + vol(D\Sr) < volD. Hence

vol M\D < volBf. This is a contradiction and so p(M¡D) = Xr > p.

To prove (2), we may assume that D is admissible.   Assume that there are

positive numbers £i,... ,£„ such that M^D = Mn ■ ■ ■ MfD and

Mp)(0, My MfD) > h(p)(0, Mj_i • • • MiD)(l + a(pfa)ej)

for j = 1,..., n, where Mj = M£ and MqD = D. We write r¿ and Xj for r£j and

X£}, respectively. Set p0 = An • • ■ Aip(D) and pj = A„ ■ • ■ Xj+lp(Mj ■ ■ ■ MfD) for

j = l,...,n. Since p(M3 ■ ■ ■ MfD) = Xjr3 > Xjp(Mj_f ■ ■ ■ MfD), p3 > p3-X for

j = l,...,n.

To estimate the volume of Ae(Br£\D) = Sp(MiD)\A£D we note that p(M¡D) =

pn, X£D = An • • ■ AiD and

n

BPn\Xn ■ ■ ■ XfD = [j (BP}\BP]^\Xn ■ ■ ■ AXD).

3 = 1
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Since

Bp,\Bpj-i\^n ■ ■ ■ XfD = (Xn- ■ ■ Xj)(Brj\Bp/M:j_l...MlD-)\Xj-f ■ ■  XfD)

= (Xn---Xj)(Br3\MJ.f-MfD),

Xn ■ ■ ■ Xj < 1 and vo^S-r^M^i • • • MiD) — £j, we obtain

A^£ = vol(Bp(MiD)\A£D) < ^£j.

Combining this with

we have the desired inequality.

Finally we show the existence of £\,...,en mentioned above. It is sufficient

to check the condition on £o in Lemma 5.7. First we have taken £(X) so that

r < ini{aj\a0 > p} for £ < £(i). Since n and an+i are finite, this condition

on £ is not essential. The next condition is (r/p)p < Q/q for every £ < £(2).

Since Q/q is fixed and, by (1), p(Mj • ■ ■ MfD) increases as j increases if 1 >

(g/(l + a)yld > p(M3-f ■ ■ ■ MfD), we can take £(2) independent of j. We can

take £(3) independent of j by the same reason. By the assumption we can take £(4)

independent of j. Hence, for every £ > 0 satisfying q(p(M¡D))~d > 1 + a, we can

find £1,..., £„ mentioned above.    Q.E.D.

PROPOSITION 5.9.   It follows that

(1) r(p) = lifp<d.
(2) 21ld-ip~lld<r(p) ifp>d.

PROOF. (1) follows from Corollary 2.3. To prove (2), let D be a domain con-

taining 0 and having the same volume as Si has. Assume that í < 21//d_1p~1//d

and vol(Bt\D) > 0. Then (21-d/p)t~d > 1 and so, by Lemma 5.8, we can find

D = M\D satisfying Bt C Sp(M,D) c M¡D = D and Mp)(0,D) > Mp>(0,D).
Hence t < r(p) and so (2) holds.    Q.E.D.

It is plausible that extremal domains exist for every d and p, but we are able to

show

THEOREM 5.10.   There exist extremal domains ¡or every p if d f^ 2.

PROOF. First we deal with the case d > 3. Let {Dn} be a sequence of domains

containing 0 and having the same volume as Bi has such that Mp)(0,D„) tends to

c(p)p as n tends to 00. Here we use Dn to express a sequence of domains, so Dn is

neither S„ fl D nor its connected component as before.

By Propositions 5.6 and 5.9, we may assume that Br C Dn C Br for every n

and for some fixed positive numbers r and R. We take R so that Dn C Bri c Br

for some R' < R.

Here we apply spherical rearrangements due to Baernstein [Bae] and Baernstein

and Taylor [Bae-Ta]. Let D be a bounded domain containing 0. Then h^p\x, D) -

\x\p is positive and superharmonic in D. It can be expressed by using the Green

function Gd in D as

-JJ^2pj jGD(y,x)Ay(h^(y,D) - \y\p)dy =Ét±A_2à. jGD(y,x)\yr2dy.
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Let D* be the spherical rearrangement of D. D* is defined by (3Bt) fl D* = tS(9t)

if (dBf) n D is neither empty nor the full sphere and (3Bt) n D* = (<9Bt) n D if

(3Bt)C\D is empty or the full sphere, where 0t = 9((3Bt)(~)D) and 5(f?t) denotes a

spherical cap defined before Lemma 3.4. We note that D* is not the same domain

defined before Lemma 3.7.

According to a very nice result due to Baernstein and Taylor,

/ GD(y,0)ds(y)< f GD'(y,0)ds(y);
J(dBt)nD J(dBt)riD"

see [Bae-Ta, p. 267, Corollary 1]. Hence

/ GD(y,0)\y\p-2dy<  I   GD*(y,0)\y\p~2dy
Jd J D'

and so Mp'(0,D) < Mp)(0, D*). By using this remarkable fact, we may assume

that each D„ is invariant under the spherical rearrangement, namely, D* = Dn.

Further we may also assume that each Dn has a smooth boundary.

Now we consider functions Mp)(x, D„) not in D„ but in Br. We extend each

Mp)(x,Dn) by setting h^(x,Dn) = |x|p on BR\Dn. Then Rp - h^p)(x,Dn) is

nonnegative, bounded and superharmonic in Br and it is a Green potential Gpn

in Br of a positive measure pn. Note that the Green potential is considered in Br

this time and not in D as before. Since

/ Gpndpn = j-——- /     |gradG/in|2dx
J (d- ¿)o- JBr

and

f    \gradGpn\2dx< [    |grad(iîp - |x|p)|2dx = f    |grad|x|p|2dx
Jbr Jbr Jbr

by the Dirichlet principle, the Green energy f Gpndpn are uniformly bounded.

Hence we can choose a subsequence {pnk} of {pn} such that {pnk} converges

weakly to a measure p with finite Green energy. In what follows we may assume

that {pn} converges weakly to p.

We set D = Bfi\supp// and we shall show that D is an extremal domain. To do

so, it is sufficient to show that

(1) D is an open set containing 0 and has the volume not greater than that of

Bi,
(2) lim^oo Mp>(0, Dn) = c(p)p < Mp)(0, D).
To show (1), we note that {pn} also converges vaguely to p in Br. Let p < r

and let / be a nonnegative continuous function in BR such that / = 1 in Bp and

supp/ C Br. Then p(Bp) < p(f) = limpn(f) = 0. Hence 0 G Bp C D. Next let

K be a compact subset of D and let / be a nonnegative continuous function in BR

such that / = 1 on K and supp / C D. Since

dpn = -((d - 2)a)-l(AGpn)dx = p(p + d- 2)((d - 2)<r)~1|x[p-2dx

in BR\Dn\3Dn, there is a positive constant a such that dpn > adx in BR\Dn\3Dn

for every n. Hence

vol K = vo\(K H Dn) + vol(K\Dn) < volDn + (l/a)pn(f)-
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Since volD„ = volBi and pn(f) —* p(f) — 0, vol if < volBi for every compact

subset K of D and so volD < volBi.

To prove (2), we set h(x) = Rp - Gp(x). Since Gp(x) < liminf,Gpn(x) in Br,

limMp)(0,Dn) = limsupMp)(0,Dn) < h(0). Hence it is sufficient to show that

h(x) — Mp)(x, D) in D. Since h is harmonic in D and |x|p < limsupMp)(x,Dn) <

h(x) in D, Mp)(x, D) < h(x) in D. To show the opposite inequality, let L =

{(xi,0,...,0);-R < xi < -r}. We shall show that h(x) < \x\p on (3D)\L.

Let xo G (3D)\L and fix it. Let Bt(xo) = {x; |x - xo| < t}. By using the

same argument as in the proof of (1), we see that if Bt(xo) C Dn for every n, then

Bp(xo) C D for every p < t and so Bt(xo) C D. Hence there exists a subsequence

{nk} of {n} and xnk G 3Dnk such that xnk —> xo (k —> oo). Since D*fc = Dnk and

xo G (3D)\L, for every £ > 0, we can find 6 > 0 such that

h^(xo,DnköBs(x0))< \x0\p + £

for every k > ko- Fix such ¿. By using the same argument as above, replacing

Gpn(x) by Gp'nk(x) — Rp—h(pï (x, D„kUBs(xo)), we see that there is a subsequence,

say {p'ij\}, of {p'nk} and a measure p' with finite Green energy such that p',-.

converges weakly to p'. Since Gp',--, < Gp^j) and p^ (resp. p',-y) converges

weakly to p (resp. p'), Gp' < Gp. Hence h(x) = Rp -Gp(x) < Rp -Gp'(x). Since

B¿(xo) C D(j) UB¿(xo) and p^ converges vaguely to p', limGpT.,(xq) = Gp'(xo).

Therefore

h(x0) < Hm(Rp - Gp'U)(x0)) = limh^(x0,DU) U Bs(x0)) < \x0\p + £

for every £ > 0. Thus we have proved h(x) < \x\p on (3D)\L.

Since d > 3, L is a set of capacity zero and so the inequality holds on 3D

except a set of capacity zero. Hence h(x) < Mp)(x, D) in D. Combining this with

h^p\x,D) < h(x), we obtain the required equality h(x) = h^(x,D) in D.

Next we deal with the case d = 1. In this case, a domain containing 0 and

having the same volume as Bi has is just an open interval containing 0 and having

length 2. We write B(e) = (-1 + £, 1 + e), where -1 < £ < 1, and let f(s) =

/i<p'(0,B(£)). Then / is continuous in (-1,1), /(0) = 1 and lim£_±i f(s) =

0, because Mp)(x,B(e)) is a linear function, say a(£)x + /(e) in B(e) satisfying

W(£)\ < 2p/2 = 2P_1. Hence f(¿) attains its maximum at some £m G (—1,1) and

B(£m) is an extremal domain.    Q.E.D.

REMARK. The existence theorem holds not only for tp but also for more general

*(*)■

We discuss further the case d = 1.

PROPOSITION 5.11. In the case d = 1, there is a unique extremal domain

( — 1,1) if 1 < p < 3 and there are two extremal domains if p > 3.

PROOF. We use the notations at the end of the proof of Theorem 5.10. Let

h(x) = Mp)(x,B(£)). Since M-l + e) = (l-e)p, h(l + e) = (l + £)p and h is linear
in (-1,1),

/(£) = MO) = (è){(l - e)(l + s)p + (1 + £)(1 - £)p}.

If p = 3, then /(e) = 1 - £4. By (1) of Lemma 4.1, /(e) < (1 - £4)p/3 for p with

1 < P < 3. Since /(0) = 1 for every p, B(0) = (—1,1) is a unique extremal domain

for p with 1 < p < 3.
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To discuss the case p > 3, we note

/(£) = l + (p(p-3)/2)£2+0(£2)

for £ in a neighborhood of 0. Hence max/(e) > 1 if p > 3. Since lim£_^±i /(e) = 0,

/'(£m) = 0 for some £m where /(e) attains its maximum. Since /(0) = 1 and

/(—e) = /(e), it is sufficient to show that /'(£) = 0 has at most one solution in

(0,1). By the definition of /(e),

/'(e) = (¿){(-(l + £) + p(l - e))(l + e)p-i + ((l - e) - p(i + £))(! - e)p-i}

and so /'(e) = 0 is equivalent to

(ïtÎ)"   ((p-1) + £(p + 1))-((p-1)-£(p + 1)) = °-

Setting z — (1 - e)/(1 + e) and q = p - 1, we have

{(q + 1) - z}zq - (q + l)z + 1 = 0.

We write the left-hand side of the equation as g(z). Then g is a function defined

on[0,l],g(0) = l, g(l)=0and

g"(z) = q(q+l)zq-2{(q-l)-z}.

Since q > 2, g"(z) > 0 on (0,1]. Hence g is strictly convex on (0,1] and g(z) = 0

has at most one solution on it other than z — 1.    Q.E.D.

REMARK. Two extremal domains are B(£m) and B(—£m) = —B(£m)- If

we regard these domains as the same, Proposition 5.11 asserts the uniqueness of

extremal domains in the case d — 1. If we consider more general $(£) for tp, the

uniqueness does not hold. Indeed, take p > 3 and fix it. Let $¿(í) be a continuous

function on [0, oo) which is equal to tp outside (1 — 6,1 + 6) and is equal to a linear

function at + b in (1 — 6,1 + 6), where a and 6 depend on 6, 6 is a number with

0 < 6 < £m and £m is a positive number such that B(£m) is an extremal domain

for tp. Let h be the least harmonic majorant of $é(|x|) in B(£) and let /(e) = h(0).

Then

/(e) = (i){(l - e)*6(l + e) + (1 + e)*fi(l - e)}

and so /(e) = (a + 6)-a£2 on [-6,6}. Hence /(0) > /(e) on [-6,6}. Now let us vary

6. 1Î6 increases from 0 to £m, then /(0) increases from 1 to a + b > (a + b) — a£2M =

Mp) (0, B(£m)), where a and 6 are coefficients corresponding to $£M. Hence we can

find 6 > 0 such that /(0) = Mp*(0,B(£m)). If we take such a 6, /(e) attains its

maximum at three points; —£m, 0 and £m- By modifying 3>¿ at t = 1 — 6 and

t = 1 + 6, we have an example of smooth 3> as well.

Finally we summarize open problems on extremal domains. By the definition

of R(p), we see that the union of all extremal domains is Br^ if they exist,

because the image of an extremal domain under a rotation around the origin is

again extremal. How about for the intersection of extremal domains? In this case,

we take the intersection not for all extremal domains, but for all extremal domains

maximal for capacity. We say a domain D is maximal for capacity if, for every x

on the boundary of D and for every r > 0, cap(Br(x) P\3D) > 0. Is the intersection

Bripy.   We do not know whether it is open or connected.   We do not succeed to
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give an estimation of r(p) from above. It will be r(p) < Cp 1^d for some constant

G>0.
A closely related problem is the following: Is 9t = 9((3Bt) fl D) nonincreas-

ing for every extremal domain? A natural conjecture on external domains is the

following uniqueness theorem: An extremal domain maximal for capacity is deter-

mined uniquely except rotations around the origin. If this conjecture is true, r(p)

and R(p) are inner and outer radius of an extremal domain maximal for capacity,

respectively.

An interesting problem is to give an explicit equation defining the boundary of

an extremal domain maximal for capacity.  For example, if p < d, then Si is an

extremal domain maximal for capacity and its boundary is given by x2 -I-\-x2l = 1.

In the general case, the problem seems to be very difficult.

6. Further estimation of c(p). In Theorem 1.4 we proved that c(p) = 1 if

p < d and we gave other estimations of c(p) in Theorem 4.2. Are there any p > d

satisfying c(p) = 1? If d = 1 we have seen in the proof of Proposition 5.11 that

c(p) = 1 for p with 1 < p < 3. Hence such p exist for d = 1. In this section we shall

show such p do exist for every d > 2.

First we introduce a number Ti(p) and discuss the relation between Ti(p) and

T(p) defined before Corollary 5.5. We define Ti(p) as the infimum of T > 1 sat-

isfying wt(0) < td~p9t for every t > T and for every domain D containing 0 and

having the same volume as Si has, where wt(0) = w(0, (3Bt) D D,Bt fl D) and

9t=9((3Bt)nD).

LEMMA 6.1.   It follows that

(1) Both T(p) and 7\(p) are nondecreasing functions of p.

(2) 1 < Tf(p) < T(p) for every p.

(3) For every p and £ > 0, T(p - e) < Ti(p).

(4) c(p) < Tf(p) for every p.

PROOF. By the definition of T(p) and ïi(p), (1) and (2) follow immediately.

Let a > 0 and t > ï\(p) + a. Since

1   A_L <    1    _L
tP ~ t^t^ - (1 + aytP1^

for every t > Tf (p) + a > 1 + a, by the definition of Tc(p),

Tf/{1+a)s(p-£)<Tf(p) + a.

Hence T(p — e) < Ti(p) + a for every a > 0 and so (3) holds.

If d = p = 1, then (4) holds because c(p) = 1. In other cases (4) follows from (3),

because c(p - e) < R(p - e) < T(p - e) < Tf (p) and c(p) is continuous.    Q.E.D.

There is another characterization of Tf (p). Let D be a domain containing 0. We

do not assume that vol D = vol Bi. Let Dt be a connected component of Bt D D

containing 0 and let rt be the volume radius r(Dt) of Dt.

LEMMA 6.2.   It follows that

MO) < (rt/t)p-%
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for every t satisfying rt/t < l/Tf(p). In particular, the inequality holds for every

t > 0 if Tf(p) — 1. Furthermore, ujf(0) < rp~ 9f for every domain D satisfying

ri=r(Di)<l/Ti(p).

PROOF. Take A > 0 so that vol(ADt) = volBj. Then A = l/rt. If rt/t <
1/Tf(p), then Ai > Tf(p) and so u'xt(0) < (Xt)d~p9'Xt, where w' and 9' denote

uj and 9 corresponding to ADt, respectively. Since <^t(0) = w4(0) and 9'Xt = 9t,

we have the desired inequality. It follows that rt/t < 1 for every t > 0, because

rt = r(Dt) < r(Bf) — t. Hence if 7\(p) = 1, the inequality holds for every

£>0.    Q.E.D.
Next we show

PROPOSITION 6.3.   It follows that 7\(d + 21"d) = 1.

PROOF. We shall show

M0)<(rt/tf~d9t

for every £ > 0 and for every domain D containing 0. We may assume that D is an

admissible domain defined before Lemma 5.7.

Take t > 0 and fix it. For s with 0 < s < t, we set

ws(x) = uj(x, (3Bt) n D, Bs U Dt).

Then ws = u>t for sufficiently small s and ws increases and converges to % as s

increases and tends to i.

Now we use the same argument as in the proof of Lemma 5.7 replacing D, p, r, h

and hr by Dt, s, s + 6, ws and ws+¿, respectively. Then, for sufficiently small 6,

we have

ws+s(0) - ws(0) = /     (ws+s - ws)d9 >  / ws+sd9
JdB, J(dBs)\Dt

>21-do--1(s + 6)-d£w3+s(0),

where £ = a^ 9((3B3)\Dt)Td~1dT. Taking an increasing sequence {sj}J=0 of

positive numbers so that wSo = ojt, Sfc = t and Sj — s3-f is sufficiently small for

each j — 1,..., k, we have

k

iog(^))=giog(u^!l)

y^w.y(0)-10,^(0)

3 = 1

k

^(0)3 = 1

Combining these inequalities and letting k -* oo, we have

V^t(O)/ JBt\Dt

Let A = {x; a < \x\ < t} and take a so that vol A = vol(Bt\Dt). Then
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and a = rt- Hence

Combining (4) of Lemma 6.1 with Proposition 6.3, we have the following main

theorem:

THEOREM 6.4.   It follows that c(p) = lifp<d + 21~d.

7. A conjecture and supporting facts. It is natural to ask "What is the

greatest value of p satisfying c(p) = 1?" Our conjecture is

CONJECTURE. The greatest value of p satisfying c(p) — 1 is d + 2, namely,

c(p) = 1 for p < d + 2.

A stronger conjecture is r(p) = R(p) — 1 for p < d + 2. By (3) of Lemma 6.1

and Proposition 6.3, R(p) = 1 if p < d + 21-d. We note that if d = 1, then the

conjecture is true. We write this as the following proposition. The proof is omitted

because it was given in the proof of Proposition 5.11.

PROPOSITION 7.1. Assume that d = 1. Then c(p) = 1 for p with 1 < p < 3
and c(p) > 1 for p > 3.

To show the next supporting fact, let us consider domains close to the unit

ball. For a continuously differentiable function p defined on the unit sphere 3Bf

and satisfying jdB pds = 0, take a family {p£}£>o of continuously differentiable

functions p£ defined on <9Bi for every small e > 0 such that

(1) volfi£ = volBi, where fi£ = {x — \x\y; \x\ < 1 + £p£(y),y G 3Bf},

(2) IdB1 P¡ds -» ¡dB, P2ds (£ -> 0).

(3) /0i |gradSTp<|dx -» /ßi |gradSp|2dx (e -> 0),

where H¡*(x) = Hp^x/^(x,Q£) and Hp(x) = Hp(x,Bf).

For every p, there exists a family {p£} satisfying (1) to (3). For example, let

V£ = {x = \x\y;\x\ < l+ep(y),y G 3Bf} and set fi£ = r(Ve)~1Ve. Thenl+ep£(u) =
r(Vre)_1(l + sp(y)) and so pe is continuously differentiable on dB\. By definition,

(1) is satisfied. Since fdB pds = 0,

YOlV£ = -   Í      (l + £p)ddS=^(l+o(£))
dJaB1 d

and so r(V£)_1 = 1 + o(£). Hence p£ converges uniformly to p and (2) follows.

By using the same argument as above we see that 3p£/3y3 converges uniformly to

3p/3yj on 3Bf. Hence

/   |grad(Sp'-BTp)|2dx^0        (£-0),
Jnc

where Hp(x) = #Tp(x/lxD(x,fi£) and

/ |grad(Sp - Sp)|2dx -» 0       (e-> 0)
Jk

for every compact subset K of Bf. Thus (3) is satisfied.
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We say fi£ is close to Si if e is small. We shall show

PROPOSITION 7.2. Ifp<d + 2andp^0, then Mp>(0,fi£) < 1 for every fi£
sufficiently close to Bf. The same holds if p — d + 2 and p is not a linear function

ofyi,.-.,yd.

To prove the proposition, we need the following lemma:

LEMMA 7.3. Let p be a continuously differentiable function defined on Bf UdBf

satisfying JdB pds = 0.  Then

/      p2ds <  /    |gradp|2dx.
JdB, J Bi

Equality holds if and only if p is a linear function of Xf,... ,xd.

PROOF. Let Hp(x) = Hp(x,Bf) and write DQ(f) for /n |grad/|2dx. Then,

by the Dirichlet principle, DBl(Hp) < DBl(p). Hence we may assume that p is

harmonic in Si. Let p(x) = J^JLi Hj{x) De an expansion of p in Bi by spherical

functions, where Hj denotes a spherical function of degree j.

Since dHj/dUy = jH0(y)/r on 3Br, where 3/3ny denotes the exterior normal

derivative at y € 3Br, by the Green formula,

DBr(p)= I      p^-ds- /    pApdx
JdBr   on JBr

= ¿(2» £>>)*■
Noticing JB HjHkds = 0 if j ^ k, we have

DBÁP) = -rY,3f       HldS-
r JdBr

Since

1;L»-r'L(£*Y*-ixL'**
by letting r —> 1, we have the required inequality. Equality holds if and only if

Hj — 0 for every j > 2, namely, p is a linear function BTi of X\,..., xd-    Q.E.D.

PROOF OF PROPOSITION 7.2. We may assume that d > 2, because we have

treated the case d = 1 in the proof of Proposition 5.11.

First we note that
/* 1 !D f* ^T)Xl\

(d - 2W0) = jgn y^^dsy - Jan u(y)— ^3-jj dsy

and

/      rïr7^dSy=0Jan ony

for every u harmonic in fi and continuously differentiable on the closure of fi,

where fi is a domain with smooth boundary containing 0, r = |y|, 3/3ny denotes

the exterior normal derivative at y G 3Ü and dsy denotes the surface area element

of <9fi. These are obtained by the Green formula. In the above and in what follows,

if d = 2, we replace (d - 2)cr and l/rd~2 by 2ix and log(l/r), respectively. We shall

apply these equalities to u(x) = Mp'(x, fi£) = Hr"(x, fi£). We write B£ (x) for

SrP(x,fi£).
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To calculate Ln r2~d3H¡P /3nydsy, we use the second equality and know that

it is equal to

Since r2~d - 1 = -(d - 2)£p£(y/\y\) + o(£),

dHf, ,     3H1+p£p^y/^+°^(y,n£) 3Hp-. ,
<y) =-^-■- = P£^d^(y) + °(£)3ny 3n„ 3nv

on <9fi£ and

the integral is equal to

-(d-2)p£2Dn£(Sp') + 0(£2).

To calculate — Jdn  BTj' 3r2~d/3ny dsy, we note that

Then it is equal to

-Lr'¿k(^)ds'={d-2)L(i+£p-rd*

= (d-1)L + pc fp,ds + ^~ï^ [t?,da + o(e')\.

Since

volfi£ = i/    (l + £p£)dds=^
d JaBl d

and

we have

/ (1 + £pe)dds = cr + d£ / p£ds + -i——-e2 / p2ds + o(e2),

£ / p£ds =-—£2 / p2£ds + o(£2).

Hence the integral is equal to

(d-2)i[o-+J^J^£2Jp2ds + o(£2)Y

Adding these two and dividing by d - 2, we have

a{Mp)(0,fi£) - 1} = {-pDn.(H? ) + ^^ j^ p2£ds} e2 + 0(£2).

If p satisfies the assumption, by Lemma 7.3 and conditions (2) and (3) of {p£},

the right-hand side becomes negative for sufficiently small £ and so the proposition

follows.    Q.E.D.
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Next consider the case p = d + 2 and p is a linear function of j/i,..., yd. We

may assume that p(y) = yx. Let us take fi£ = Si(£e) = {x; |x - ee| < 1}, where

e = (1,0,..., 0). Then, by the Poisson formula,

Mp)(0,Bi(£e)) = -/ L^-^Pds
a JdB,(ee)     \y\dt(ee)

Set Y = y - ee. Since |y|2 = \Y + £e\2 = 1 + 2Yf£ + e2 and jdBi YfdsY = 0,

/i(d+2)(0,Bi(£e)) = l-£4.

Combining this with Proposition 7.2, we guess that Md+2)(0, fi£) < 1 for p ^ 0 and

fi£ sufficiently close to Bx. Finally we show

Proposition 7.4. Ifp>d + 2, thenc(p) > 1.

PROOF. Let Si (se) and Y = y - £e be as above. Since

\yrd = (\y\2){p-d)>2

= l + (p~d)Yf£+{P-^+{P~d\d-^Y2)£2 + 0(£2)

and

Jdl
Y2dsY = a-,

<dBx

by the Poisson formula written above,

Mp'(0,Si(£e)) = 1 + P(P"j"2)£2+o(£2).
¿a

Hence the proposition follows.    Q.E.D.

8. Applications. In this section, we deal with four applications of our estima-

tions.

1. Sharp estimation of the Hardy norms by the image areas of functions. Let U

be the unit disk in the complex plane. For p > 0, we denote Sp = HP(U) the class

of all holomorphic functions / with finite Hardy norms ||/||hp, we define them by

r-27r \  !/P

H,=   sup   f-L f "\f(re")\pds
0<r<l  \¿7T Jo

As mentioned in the introduction, Alexander, Taylor and Ullman [A-Ta-U] proved

that if/ is holomorphic in U and vanishes at 0, then ||/||h2 < ((l/71") area f(U))ll2.

If we use the volume radius r(f(U)) of /(£/), then we have a simpler form: ||/||h2 <

r(f(U)). There are at least five proofs. They were given by Alexander, Taylor

and Ullman [A-Ta-U], Alexander and Osserman [A-O], Alexander [A], Kobayashi

[Ko] and Khavinson [Kb.]. The equality assertion was given by [A-O] and [Ko].

Kobayashi's proof is very nice, because the equality assertion follows immediately

from the proof. Here we use his idea and improve the result.

THEOREM   8.1.   Let f be a holomorphic function in U satisfying f(0) = 0.

Then
1/2

|hp < c(p) ß area/(f/))       = c(p)r(f(U)).
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If P < 2+\, then we can take c(p) = 1. Ifp<2 + ^, equality holds in finite values

if and only if f is a constant multiple of an inner function.

PROOF. We may assume that / is not constant and area f(U) is finite. Let

D = /([/), h(x) = Mp'(x, D) and v — ho f. Then v is harmonic and satisfies

|/|p < v in U. Hence, by the mean-value property of harmonic functions,

¡I/IIhp <   sup   (±- f \(re")ds)      = v(0y'p = h(0)^p.
0<r<l \27r Jo )

By the definition of c(p) given at the end of §1, the desired inequality follows. If

P < 2 + \, then, by Theorem 6.4, c(p) = 1.

Assume that \\f\\HP = M0)1/p = r(f(U)) < oo for p < 2 + ±. By M0)1/p =
r(f(U)), we see that (l/r(f(U)))f(U) is an extremal domain for p. We write p for

r(f(U)). Since c(2 + \) = 1, by Proposition 5.1, /([/) = BP\S, where £ is a set

of capacity zero. Let f*(els) be the radial limit of the bounded function /. Then

|/* | < p a.e. on 3U and

/ 1    f2lT \1/P

mHP=\27tJo    lr(e")|PdsJ       ̂

Hence ||/||/fp — P implies that |/*| — p a.e. on 3U and so f/p is an inner function.

Conversely, if f/p is an inner function, then f(U) C Bp and r(f(U)) < p. Since

|/*| = p a.e. on dt/, ||/||hp = p and so r(f(U)) < p = \\f\\m- The opposite

inequality holds for every / and equality holds for a constant multiple / of an inner

function.    Q.E.D.

From our proof we see that an inner function takes all values in the unit disk

except a set of capacity zero, a result due to 0. Frostman.

By using a similar argument to the above, we also have an estimation of the

Hardy norms of functions defined on Riemann surfaces. Namely, let R be a Riemann

surface having a Green function. Take a point £ in R and fix it. Let / be a

holomorphic function in R and let u be the least harmonic majorant of |/|p in R.

Set ||/||ffP= MO1/p-

THEOREM 8.2. Let R, £, / and u be as above. If /(£) = 0, then the inequality

replacing U by R in Theorem 8.1 holds. The equality assertion is also valid if a

constant multiple of an inner function is replaced by a map of type-Bl, in the sense

of Heins [Hei], from R into a disk centered at the origin.

PROOF. It is sufficient to show the equality assertion. Let h(x) = h^p\x,f(R))

and v = ho f. Then u < v in R and

ll/ll&P = «(0<««) = MO)<r(/(Ä))»
Hence ||/||Hp = r(f(R)) < oo if and only if u(£) = v(£) and h(0) = r(f(R))p < oo.

We have seen in the proof of Theorem 8.1 that h(0) = r(f(R))p < oo is equivalent

to f(R) = Br(y(ñ))\B, where E is a set of capacity zero.

Since u < v in R, u(£) = v(£) is equivalent to u = v. If we denote by sR the

least harmonic majorant of a subharmonic function s defined in a Riemann surface

R, then u = v can be written as

(sof)R = sf{R)of,
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where s(x) = |x|p and it is not harmonic in f(R). Therefore, by Theorem 1 in

Kobayashi and Suita [Ko-Su], u = v if and only if / is of type-B/.

Finally if / is a map of type-B/ from R in Bp, then Bp\f(R) is a set of capacity

zero. Thus the proof is complete.      Q.E.D.

A map of type-B/ from U into a disk Bp is nothing but a constant multiple of

an inner function, see [Hei, pp. 453-454]. Therefore the proof of Theorem 8.2 is

an alternate proof of equality assertion in Theorem 8.1.

2. Hardy classes and images of functions. Let / be a holomorphic function in

U. If there exists a harmonic majorant h of |x|p in /([/), then, by using the same

argument as in 1, / G HP(U) and ||/||//p < h(f(0))1/p. As a good survey in this

direction, we refer to Hansen [Han].

We shall apply our Proposition 3.14 and Corollary 3.15 and construct three exam-

ples. The first example concerns that of Hansen [Han, p. 245, Example II]. Let vj be

an increasing continuous function on [1, oo) with ip(l) = 0 and limr_00 ip(r)/r = oo.

Set D = R2\([0,e] U {exp(r + iyj(r));r > 1}). Hansen proved that there exists a

harmonic majorant of |x|p in D for every p > 0 by using the Ahlfors distortion

theorem. Our example differs from his: Domains are not simply connected.

EXAMPLE 1. For given p > 0, take a natural number n and A > 1 so that

A4 = 161/™ < 1 + (37r/8)2-1/24-p. Note that A" = 2. Set

Ejk = [j log 4 + (2k - 1) log A, j log 4 + 2k log A]

and
oo      n

E={J{jEjk.
3 = 1 k=l

Let yj be a continuous function on E satisfying max£jJt ip — minß.fc ip > 2w for

every j and k. We do not assume that ip is increasing. Consider a domain D =

R2\{exp(r + iip(r));r G E} and apply Proposition 3.14 and Corollary 3.15. Since

d = 2, C = 3 and so we shall show a(t) > |l6p"J for t G [V, 2 • 4»']. Set A = {x e

R2;£ < \x\ < 2£}andAfc = {x;4JA2(fc_1) < \x\ < VX2k}. Letkf and k2 be numbers

satisfying \Jk¿ki Ak c A C UfcLtî-i Ak and set A'kl = {x;i < |x| < 4^A2fcl} and

A'k2 ={x;VX2(k*-V < \x\ <2t}. ThenA = A'kíUA'k2U [jk¿~kli + fAk and ior each

Ak or A'k, by (1) of Proposition 3.11,

/i^/i^>¿(2(4)+1 _y„x_i})2 j ré*

>-(ÏÏw^I'^
for every continuously differentiable function / in Ak or A'k which vanishes outside

of D. Hence

■*>*(I),Ä*(s)Mr'
and, by Corollary 3.15, /i(p'(0,D) < oo.

If p increases, then n increases. If we take n replacing by ny so that nj —> oo

as j —» oo, we see that there exists a harmonic majorant of |x|p in the modified

domain for every p > 0.
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The second example is a slight modification of Example 1, but it is interesting

because 3Bt C D for every t except a countable set.

EXAMPLE 2. Let n and A be as in Example 1 and set

oo     n

d = r2\U UKlGR2;la;l = 4,'A(afc~1)'a:i -0}
j=lk=l

U{xeR2;|x| =4JA2fc,xi < 0}].

By the same argument as in Example 1, we see that Mp'(0, D) < oo.

The third example is the case such that limt^oo areaBt H D/(itt2) — 0. It was

dealt with by Hansen and Hayman [Han-Hay, Theorem 1] and they proved that

there exists a harmonic majorant of |x|p in D for every p > 0 by using the Tsuji

inequality. In Example 3, we shall first give an alternate proof of the above result

and give another example having a harmonic majorant of |x|p for every p > 0.

EXAMPLE 3. Let D be a domain containing 0 and satisfying e(t) =

areaSt n D/(wt2) —> 0 (t —> oo). Let Q = Qnk1k2 be cubes having sides of length

n defined by Q = {x G R2; (fci — l)n < Xf < kfn, (k2 — l)n < x2 < k2n}. To apply

Corollary 3.15, for each natural number j, let us take n = n(j) the least natural

number satisfying n2/2 > £(V + 1)tt(V+1)2. Then

areaQ\D > n2 - e(4j + 1)7t(4j + 1)2 > n2/2

for every Q C B4¿+i. By Proposition 3.12,

for every continuously differentiable function f in Q which vanishes on Q\D.

For t G [4»',2 ■ V], set A = {x;t < |x| < 2t}. Then (JiQnk^Qnk^ C A}
contains an annulus A' — {x;a(t)t < \x\ < b(t)t}, where 1 < a(t) < b(t) < 2. It

follows that

/jgrad/I'd* >^¿/2ds.
IA iu,t    JA'

By the remark to Lemma 3.13 and Corollary 3.15, to show Mp'(0, D) < oo, it is

sufficient to show that
n    > __irp-J

16n2 - 3G(i) '

where C(t) = b(t)2 - a(t)2.   We note that C(t) -> 22 - 1 = 3 as t -» oo.   Set

M = M(j) = A>/n. Then the condition on n implies that M2 = 0(1/e(4:,+1)) and

so, for every p > 0, we can find jo = Jo(p) such that the required inequality holds

for every j > j0. Hence /i^p^(0, D) < oo for every p > 0.

From the proof, we see that it is not necessary to assume that area Bt D

D/(nt ) —> 0 as t —> oo. It is enough to assume that there is a positive constant

a < 1 and a sequence {n^}?^ of natural numbers such that Mj = iJ¡Uj —> oo as

j —* oo and area Q\D > an2 for every Q = Q^k,^ C {x;4J < |x| < 4J + 1}. In this

case, limsupj^oo areaSt Pi D/(irt2) < 1 — a and it is easy to construct an example

for which equality holds.
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3. Exit times of Brownian motion in Rd. Let D be a domain in Rd, let X be a

Brownian motion in Rd starting at a point x in D, and let r be the first exit time

of X from D, namely, t(w) = inf{£ > 0; Xt(u) g D}, where t(u) = oo if the set of

the right-hand side is empty.

If D is bounded, the mean exit time m(x) = Ext of X tends to 0 as x approaches

to a regular boundary point of D and it is a positive solution of the Poisson equation

Am = -2 in D, see Dynkin and Yushkevich [D-Y, pp. 68-69]. Hence dm(x) + \x\2

is harmonic in D and it is the least harmonic majorant of |x|2, namely, M2)(x, D) =

dm(x) + \x\2. By taking an exhaustion, we see that the equality also holds for an

unbounded domain, nevertheless the boundary values of m(x) are not equal to zero,

see Burkholder [Bu 2, §4]. It can be expressed as EX\XT\2 = Ex(dr + |x|2) and

so there is a possibility of finding a relation between EX\XT\P = Mp)(x, D) and

B^dr+lxl2)^2.
Burkholder [Bu 1] did obtain a relation. He showed

CfEx(dr+\x\2)pl2 < hip\x,D) < C2Ex(dT+\x\2)p'2,

where Ci and G2 are constants depending only on d and p. In particular, a moment

Exrpl2 is finite if and only if Mp'(x,D) is finite. If we combine our results with

that of Burkholder, we have many estimations of Exrpl2. Here we give an example.

THEOREM 8.3.   For an arbitrary domain D in Rd, it follows that

E*T^lLw^dy-
PROOF. Take a new coordinate so that x becomes the origin. Then Eqt =

m(0) = (l/d)M2)(0,D - x), where D - x = {y - x;y G D}. Hence the proposition

follows from Lemma 1.3.    Q.E.D.

In Theorem 8.3, we have applied just Lemma 1.3. If we apply Proposition 6.3

or other estimations of wt(0), we have more accurate estimations of Ext.

4. Solutions of the Poisson equation. We consider the inhomogeneous problem

Au + f = 0   if D,
u — 0 on 3D,

where D is a bounded domain in Rd. By using the volume radius r(D) of D,

Payne [Paj gave an estimation of u(x) when / is bounded and Weinberger [W]

gave another one when / is of LP(D) for p > d/2. We apply Theorem 6.4 to the

problem and show the following:

Theorem 8.4. It follows that

(1) IfxoGD andiff(x) < A/|x-x0|9 in D with0<q<2 (0<q<lifd=l)
and A > 0, then

«<*»> S (2-,Kd-</"""''

(2) If x0 G D and if f(x) < A\x - Xo\p in D with 0 < p < oo and A > 0, then
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where c(p + 2) is a constant depending only on d and p and c(p + 2) = 1 ifO<p<
(d-2) + 21~d.

PROOF. If U is a solution of

AU + F = 0   in D,

{7 = 0 on 3D,

where F > f in D, then A(U - u) = / - F < 0 in D and U - u = 0 on 3D. Hence

U — u is superharmonic and nonnegative in D. In particular, u(xo) < U(xo). Let

_ A(h(x)-\x-x0\p+2)

U[X) (p + 2)(p + d)       '

where h is the least harmonic majorant of |x — xo|p+2 in D. Then

AlT + A|x-x0|p = 0   inD,

(7 = 0 on 3D,

and so u(xo) < i7(xo) = A((p + 2)(p + d))~1h(x0). Therefore, the theorem follows

from Theorem 6.4.    Q.E.D.
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NOTE ADDED IN PROOF. M. Essén has pointed out that O S. Stanton gave a

new proof of the Alexander-Taylor-Ullman inequality in his recent paper: Count-

ing functions and majorization for Jensen measures (preprint) and that there are

applications of the inequality in a paper written by S. Axler and J. H. Shapiro:

Putnam's theorem, Alexander's spectral area estimate, and VMO, Math. Ann. 271

(1985), 161-183. K. Haliste has pointed out that S. Friedland and W. K. Hayman

proved an estimate similar to or, in a sense, better than that given in Lemma 3.4:

Eigenvalue inequalities for the Dirichlet problem on spheres and the growth of sub-

harmonic functions, Comment. Math. Helv. 51 (1976), 133-161. They made use

of Huber's results, whereas our estimation was proved directly and elementarily.
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