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ISOPERIMETRIC INEQUALITIES FOR THE LEAST
HARMONIC MAJORANT OF |[z|P

MAKOTO SAKAI

ABSTRACT. Let D be an open set in the d-dimensional Euclidean space R4
containing the origin 0 and let A{P)(z, D) be the least harmonic majorant of
|z|P in D, where 0 < p < coifd>2and 1 < p < oo if d = 1. We shall be
concerned with the following isoperimetric inequalities h(P) (0, D)1/P < ¢r(D),
where r(D) denotes the volume radius of D, namely, a ball with radius (D)
has the same volume as D has and c is a constant dependent on d and p but
independent of D. We fix d and denote by ¢(p) the infimum of such constants
c. As a function of p, ¢(p) is nondecreasing and satisfies ¢(p) > 1. We shall
show

(1) there are positive constants C; and C2 such that C1p{4-1)/d < ¢(p) <
Copld=1/d for p > 1,

(2)c(p) =1if p<d+21-9.
Many estimations of h(P) (0, D) and their applications are also given.

Introduction. We begin with considering a well known but very interesting
inequality. Let f be a holomorphic function defined in the unit disk U in the
complex plane satisfying f(0) = 0. Then
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The left-hand side is the square of the Hardy norm of f and the right-hand side is
the Dirichlet integral of f divided by m. The inequality is easily verified. If f has
the power series expansion f(z) = Z;‘;l a;z%, z = z + 1y, then the left-hand side
and the right-hand side are equal to ) |a;|? and Y j|a,|?, respectively.

The Dirichlet integral of f is the area of the image of U counting the multiplicity
of the map f. In 1972, a very interesting inequality was discovered by Alexander,
Taylor and Ullman. They showed that the Dirichlet integral of f can be replaced
by area f(U), the area of the image of U. Namely, for the estimation of the
Hardy norm, it is not necessary to count the multiplicity. The inequality has
many applications, see [A-Ta-U]. Recently Kobayashi [Ko] gave a new proof of the
inequality. He applied the following fact: Let D be an open connected set in the
w-plane containing 0 and let h be the least harmonic majorant of |w|? in D. Then
h(0) < (1/7)(area D). The idea of his proof is very simple. It is “subordination” of
functions and was used frequently in studying function theory. Let D = f(U) and

f(re)ds < - / (& + i) de dy.
T™Ju
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consider ho f. Then |f|> < ho fin U and ho f is harmonic in U. Hence
1 27

reyzds < o [T ine pirenya

and, by the mean-value property of harmonic functions, the right-hand side is equal
to h(f(0)) = h(0). Combining this with the above estimation of h(0), we obtain
the Alexander-Taylor-Ullman inequality.

Thus our first motivation of the present study arose from the inequality h(0) <
(1/m)(area D). This was proved by Pélya and Szego [P6-Sz] for simply connected
domains and by Payne [Pa] for multiply connected domains. How can we give its
simple proof? How can we generalize it?

The second motivation of the problem came from Brownian motion. Let D be
an open connected set in R? and let X be a Brownian motion in R¢ starting at a
point z in D. For each w, X;(w) is a continuous map from [0, 00) to R? satisfying
Xo(w) = z and we interpret w as a path of a particle. Let

7(w) = inf{t > 0; X;(w) & D}.

We call 7 the first exit time of the path w from D. Of course, 7 depends on the path
and we obtain no information if we watch each path. Some particles exit quickly,
others stay in D for a long time. But, if we take into consideration the distribution
P, of paths, a probability measure defined on the space of paths starting at z, then
we obtain many interesting results.

We are interested in the mean value of the first exit time, namely,

m(z) = E,7 = /T(w)dPI(w).

The problem is to give good estimates of m(z). If D is bounded, then it is known
that Am = —2in D and m(z) tends to 0 as = approaches to regular boundary points
of D. Hence dm(z) + |z|? is harmonic in D and it is the least harmonic majorant h
of |z|? in D. By taking the specific point = = 0, we have m(0) = (1/d)h(0). Thus
the problem is reduced to the estimation of h(0), the same problem as in the first
motivation.

In this paper, we are concerned with the estimation of h(?)(0, D), where h(P)(z, D)
denotes the least harmonic majorant of |z|? in an open subset D of R? which
contains 0. Here 0 < p < o0 if d > 2 and 1 < p < oo if d = 1, because
Alz|P = p(p + d — 2)|z|P~2 and we assume that |z|P is subharmonic in R4,

After giving an integral representation of h(P) (0, D), we shall show h(P)(0, D)/?
< (D) for p < d, where r(D) denotes the volume radius of D, namely, a ball with
radius r(D) has the same volume as D has. The isoperimetric inequality is a starting
point for our study. Indeed, throughout this paper, we shall discuss the estimation
of ¢(p) satisfying h(P)(0,D)V/? < ¢(p)r(D) for every D. If p < d, ¢(p) = 1 as
mentioned above. For p < 2, it was proved by Payne [Pa] using essentially the
Schwarz symmetrization, but for p > 2 the Schwarz symmetrization does not work
well and our result is new.

Preliminary arguments written above are given in §1. Unbounded domains are
discussed in §2. In §3, we give three estimations of harmonic measures. As a
consequence, we show that there is a positive constant Cy depending only on d
such that ¢(p) < Copld=1/4 for p > 1. Other estimations of h(P)(0, D) which have
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many applications are also given. In §4, we show basic properties of a function ¢(p)
of p. In particular, we show that there is a positive constant C; depending only on
d such that ¢(p) > Cypd=1/d for p > 1.

Extremal domains are investigated in §5. We call a domain D containing 0
and having the same volume as the unit ball has “extremal” if h(P)(0, D)1/? = ¢(p).
There are positive numbers R(p) and r(p) such that D C Bg(,) and vol(B,(,)\D) =
0 for every extremal domain D, where B; denotes a ball of radius ¢ centered at the
origin. We give estimations of R(p) and r(p). The existence theorem is proved for
d # 2 by using spherical rearrangements due to Baernstein and Taylor [Bae-Ta).
There are many open questions about extremal domains. They are summarized at
the end of §5. Are there any p > d satisfying c¢(p) = 1?7 We show such p do exist
in §6. Our conjecture is ¢(p) = 1 for p < d + 2. We give a supporting fact by
using a variational method. In §8, we discuss applications. We give an estimation
of the Hardy norm and show the existence of harmonic majorants of |z|P in some
plane domains for every p > 0. We improve results due to Alexander, Taylor and
Ullman [A-Ta-U], Hansen [Han] and Hansen and Hayman [Han-Hay]. We also
give an estimation of the mean exit time of Brownian motion and an estimation of
the solutions to the Poisson problem.

NOTATION. Let D be an open set in R, d > 1. We denote by 9D the boundary
of D in R%. We call an open set a domain if it is connected. We denote by B, a ball
centered at the origin with radius r, namely, B, = {z = (z1,...,z4) € R%;|2| < r},

where |z| = (Z z?)lm. We denote by 0 = o4 the surface area of the (d — 1)-
dimensional unit hypersphere B, by ds the surface area element of 9B; and we
set df = (1/0)ds. Note that the surface area is the number of boundary points in
the case d = 1, namely, 0; = 2. We define the volume radius 7(D) of an open set
D by r(D) = (vol D/vol B1)'/?, namely, B,(p) has the same volume as D has.

Let h(P)(z) = h(P)(z, D) be the least harmonic majorant of |z[P in an open set
D. 1If there are no harmonic majorants of |z|P in a connected component of D,
we set h(P)(z) = oo in the component. For a bounded open set D, we denote by
H/(z) = H/(z, D) the solution of the Dirichlet problem with boundary values f.
The Dirichlet problem is considered in each connected component of D. We assume
that f is a bounded Borel measurable function on 8D. We note that h(®» = HI'I” if
D is bounded. We denote by x & the characteristic function of E, namely, xg(z) = 1
if z € E and xg(z) = 0 if z € W\E. The whole space W will be known from the
context. We write w(z, E, D) for HX®(z, D), where E is a Borel subset of D. For
fixed z and D, it is a measure on D and is called a harmonic measure.

1. Preliminary lemmas and the definition of ¢(p). In this section we shall
show preliminary results which give us a starting point of the present research.

LEMMA 1.1. Let D be a domain in R? whose closure is contained in a ball
Br and let ® be a function continuous on [0, R) and continuously differentiable in
(0, R) such that ®(|z|) is subharmonic in Bg. Then the least harmonic majorant h
of ®(|z|) in D can be expressed as

R
h(z) = /0 &' (£)us (z)dt + B(0),
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where

ut(z) = w(z, (OD)\(Bt UOB;), D).

For the notation of harmonic measures, see the introduction. We note that
®'(t) > 0in (0, R), because ®(t) is the average of the subharmonic function ®(|z|)
over dB; and it is nondecreasing. We also note that the lemma does not hold for
unbounded domains, in general. We shall discuss unbounded domains in §2.

PROOF. Since the right-hand side of the equality, let us denote it by u, is har-
monic in D, it is sufficient to show that u(z) tends to ®(|zo|) as x € D approaches
to a regular boundary point zg of D. By definition of u,,

. 1, t<|xol,
fim u”(z):{o t>’zg,

T—ZTg

and so, by the Lebesgue convergence theorem,

R EXY
lim [ & (t)u(z)dt = / ®'(t)dt = (|zo|) — B(0).
0

T —ZTo 0

Hence u(z) — ®(|zo|) (z — z9). Q.E.D.

COROLLARY 1.2. Let D be a bounded domain and let hP)(x, D) be the least
harmonic majorant of |z|P in D. Then

hP)(z, D) = p/ tP~ Ly (z)dt.
0
LEMMA 1.3. Let D be a domain in R® containing the origin. Then
WP0.D) <2 [ jap~ias,
0Jp

where o denotes the surface area of the (d — 1)-dimensional unit hypersphere 0B .

PROOF. We may assume that D is bounded. Let w;(z) = w(z, (0B;)ND, B;N\D)
and v (z) = w(z,(0B;) N D,B;). Then us(z) < wi(x) < v(z) in By N D and
v:(0) = (1/0) f( aB,)np 48, where ds denotes the surface area element. Hence, by
Corollary 1.2,

R®(0,D) <p / tP~ 1, (0)dt
0

p oo
z_/ gp—d / ds » t471dt
g Jo (8B:)ND

=P / |zP~¢dz. Q.E.D.
0Jp

The equality assertion will be given in Corollary 2.3.
THEOREM 1.4. Let D be a domain in R? containing the origin. If p < d, then
h(”)(O,D)l/p <r(D),
where (D) denotes the volume radius of D.

The equality assertion will be also given in Corollary 2.3. The inequality in the
theorem was first shown by Pélya and Szegd [P6-Sz, p. 115] for the case d = p =2
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and D is simply connected. Multiply connected domains were treated by Payne
[Pa] and he proved the inequality for p = 2 and arbitrary d, see Bandle [Ban, p
70]. Kobayashi [Ko] gave a new proof for the case d = p = 2.

PROOF. Let AD = {Az;z € D} for A > 0. Then h(P)(z,AD) = \Ph(P)(z/), D)
and so h(P) (0, AD)/? = Ah(P)(0, D)'/?. Since r(AD) = Ar(D), it is sufficient to
show that h(P)(0,D) < 1 for a domain D having the same volume as B; has. If
p <d, then |z|P~¢ > 1 in B; and |z[P~¢ < 1 outside B;. Therefore

/la:|”‘ddx§/ |z|P~4dx
D B,

for every domain D having the same volume as B; has. Since the right-hand side
is equal to o/p, by Lemma 1.3, h(?)(0,D) < 1. Q.E.D.

In the theorem, we have assumed that p < d. How about p > d in the theorem?
To make clear these things, we introduce a number ¢(p) = ¢(p,d) defined by

¢(p) = sup{h(P(0, D)*/P;0 € D and r(D) = 1}.
Then, by definition,
h® (0, D)7 < c(p)r(D)
for every domain D containing 0. It follows that c(p) > 1 for every p, because
h(P)(z, By) = 1. Theorem 1.4 asserts that c(p) = 1if p < d.

2. Integral representations of the least harmonic majorants for un-
bounded domains. Let f be a bounded boundary function of an unbounded
domain D, that is, a bounded Borel measurable function defined on the boundary
0D of D. For the sake of simplicity, we assume that f is nonconstant and con-
tinuous and set m = infzcsp f(z) and M = sup,c5p f(z). The argument below
is valid for arbitrary bounded functions if we replace definitions of m and M by
suitable ones.

Let ﬁé (resp. H {2) be the solution in Bg N D to the Dirichlet problem with
boundary values f on (Bgr N D)\((0Br) N D) and M (resp. m) on (8Bg) N D.

Then -ﬁR (resp HY w) decreases (resp. increases) and converges to a harmonic
function H’ (resp. H ’)'in D as R increases to oo. Since HY L) < H(2) <

Hf(x) < HR(a:), " (z) (resp. H'(x)) converges to f(zo) as ¢ € D approaches to
a regular boundary point zo of D. We call a bounded harmonic function u in D a
solution to the Dirichlet problem with boundary values f if u(z) — f(xo) (z — o)
for every regular boundary point zg of D. " and H are such solutions.

If Ff = H’, we denote it by H’. The following lemma shows that it is a unique
solution to the Dirichlet problem:

LEMMA 2.1. The following conditions on an unbounded domain D are equiva-
lent:

(i) For any given bounded boundary function of D, a solution to the Dirichlet
problem is determined uniquely.

(ii) Every bounded harmonic function in D having nonnegative boundary values
except a set of capacity zero is nonnegative in D.

(iii) " = HY for some nonconstant bounded continuous boundary function f of

(iv) imp 0o wr(z) = 0, where wr(z) = w(z, (0Br) N D, Br N D).
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PROOF. It follows that F{% - ﬂfz = (M — m)wg for every R. Hence (iii) and
(iv) are equivalent. It is evident that (ii) implies (i) and (i) implies (iv). Assume
that (iv) holds and let u be a bounded harmonic function in D having nonnegative
boundary values. We shall show that u is nonnegative in D. Let |u| < C in D.
Then u + Cwg has nonnegative boundary values in Bg N D and so nonnegative in
Br N D. Hence u = limp_ o (u + Cwg) is nonnegative in D. Q.E.D.

For an unbounded domain D satisfying limwg(z) = 0, let u.(z) be a unique
solution to the Dirichlet problem with boundary values x(spy\(B,usB,)- Now we
show

PROPOSITION 2.2. Let ® be an unbounded function continuous on [0,00) and
continuously differentiable in (0,00) such that ®(|z|) is subharmonic in R2. Let h
be the least harmonic majorant of ®(|z|) in D. Then

(1) h(z) < /0 @ (wn(x)dt + B(0),

where wi(z) = w(z, (0By) N D,B;N D) for x € BN D and = 1 for D\B;.
(2) Ifliminfp_.o0o ®(R)wgr(z) = 0 for some x in D, h can be expressed as

h(z) = /0"" O'(t)ui(z)dt + ©(0).

PROOF. First we note that, by the Harnack inequality, liminf ®(R)wg(z) = 0
for some z in D implies the same holds for every = in D. Next we note that
lim inf ®(R)wg(z) = 0 implies limwg(z) = 0. Hence uy(z) is well defined.

Let hr be the least harmonic majorant of ®(|z|) in Dg = Bg N D. It is easy to
show that hg increases and converges to h as R increases to co. By Lemma 1.1,

R
hmm:A & (t)iie 5 (2)dt + B(0)

for z in Dg, where @ r(z) = w(z, (0Dg)\(B: UO0By), Dr). Since s g(r) < we(x)
in DR,

R
hr(z) < / @' (t)wy(x)dt + ®(0)
0
and so, by letting R tend to oo, we have (1).

Since, for every fixed t > 0, 4; g converges to u; as R tends to oo, by the Fatou
lemma,

h(z) > / ' (t)ue(z)dt + 0(0).
0
On the other hand u4; g < uy + wgr in Dg and so
R
hgr(z) < / &' (t)(ur(z) + wr(z))dt + ®(0)
0

R
:/0 ' (t)ua(2)dt + (B(R) — ®(0))wr(z) + B(0).
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Hence, by letting R tend to oo, we have
o0
h(z) < / @' (t)us(x)dt + ®(0)
0

if lim inf ®(R)wg(z) =0. Q.E.D.
Now we deal with the problem when the equality in Lemma 1.3 or Theorem 1.4
occurs.

COROLLARY 2.3. Assume that hP)(0, D) < co. Equality holds in Lemma 1.3
or Theorem 1.4 if and only if D = BR\E for some R > 0, where E 1s a relatively
closed subset of B with capacity zero.

REMARK. If d = 1, then a set of capacity zero is the emtpy set. Hence equality
holds if and only if D is an interval whose middle point is the origin.

PROOF. If D = Bg\FE, then equality holds evidently. Assume that equality in
Theorem 1.4 holds. Then, by the argument in the proof of Theorem 1.4, we see
that equality holds in Lemma 1.3. So we may assume that equality in Lemma 1.3
holds.

Since

p [e o]
—/ |z|P~dz = p/ tP~ v, (0)dt
D 0

o
and w;(0) < v:(0),

e
/ P10, (0)dt < oo
0

and so lim inf;_, o tPw;(0) = 0. Hence, by Proposition 2.2,

hP)(0,D) =p / tP~1u, (0)dt.
0

From the assumption and u4(0) < v¢(0), we see that u:(0) = v;(0) for almost every
t > 0. If there is a ball By, such that cap By,\D > 0 and D\By, # O, then
u:(0) < w;(0) < v:(0) for every t in a neighborhood of ¢to. Hence D is a domain
mentioned in the corollary. Q.E.D.

PROPOSITION 2.4. Let ® and h be as in Proposition 2.2. If h(z) < oo for some
z in D, then ®(R)wr(x) converges as R tends to co and

lim ®(R)wg(z) < h(z) — ©(0).
PROOF. Let h;g_@(o) be the solution in Dg = Bgr N D to the Dirichlet problem

with boundary values ® — ®(0) on d(Br N D)\((0Bgr) N D) and 0 on (3Bg) N D.
Then

hi =hy " + (2(R) - ®(0))wr + ®(0) in Dg,
0< hg_q)(o) < hr —®(0) < h—®(0) and hz—@(o) increases as R increases. Hence

®(R)ur(c) = hr(z) ~ by~ (z) + $(0)wr(z) ~ $(0)
converges to a limit not greater than h(z) — ®(0). Q.E.D.
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COROLLARY 2.5. Let D be a domain in R®, d > 2. If h{P)(z, D) < oo, then

oo

hP)(z, D) = p/ tP~ Ly (2)dt.
0

PROOF. Take ¢ so that 0 < g < p. Then, by Proposition 2.4, lim RPwg(z) < co
and so lim R%wg(z) = 0. By Proposition 2.2, h{?)(z, D) can be expressed as above
replacing p by g. Since lim,_,, h(9)(z, D) = h(P)(z, D), for details see Lemma 4.1,
we have the desired representation. Q.E.D.

REMARK. If d = 1 and p > 1, then h(P)(z, D) = oo for an unbounded interval
D = (—a,00), where a > 0, whereas p [;° t*~!u,(0)dt = aP. If d = p = 1, then
h(1)(0, D) = 2a whereas f0°° u¢(0)dt = a. Hence Corollary 2.5 does not hold in the
cased =p=1.

After the author completed this section, he knew from M. Essén that Essén,
Haliste, Lewis and Shea [E-Hal-L-Sh 1 and 2] discussed the existence of harmonic
majorants of ®(|z|) as well as the equality stated in Proposition 2.2. From their
results we know that, in the case d > 3, if limw;(0) = 0 and if p [ tP~ u;(0)dt < oo,
then h(p)(O, D) < o0o. In the case d = 2, the condition on w; must be replaced by
lim(log t)w:(0) = 0. In both cases, we obtain the equality stated in Corollary 2.5.

3. Estimations of harmonic measures wg(z) and constants c(p). We
recall that the harmonic measure wg(z) for a given domain D is defined by wg(z) =
w(z,(0Br)ND, BrN D). In this section, we shall show three estimations of wg(z):
Lemmas 3.1, 3.4 and 3.13. Combining these with the integral representation of
h(P)(0, D), we have estimations of A(?)(0, D). Especially, we see that ¢(p) defined
in §1 is finite for every p.

1. The first estimation is very elementary and uses the Harnack inequality and
the maximum principle for harmonic functions. First we show

LEMMA 3.1. Let D be a domain in R?® having the same volume as By has.
Then
w3r(z) < (CR) %wg(2)
for £ in BR N D, where C = (4((3/2)% — 1)/3)1/4.
PROOF. Since
3R
0/ vt(O)td_ldt = / dzr < vol B, =
2R (B3r\B2r)ND
there is at least one t € [2R, 3R] such that v;(0) < (1/(3% — 2¢))R—?. We apply
the Harnack inequality to the positive harmonic function v; defined in B; and
obtain v(z) < 3-2972v,(0) for z in B,/ and so v(z) < (CR)~? in By/p. Since
w3r(z) < wi(z) <wv(z) in ByN D and t/2 > R,
w3r(z) < (CR) %wi/a(z) < (CR) wr(2)

in BgpnD. Q.ED.
By using Lemma 3.1 we have

b

aulq

PROPOSITION 3.2. Let D and C be as in Lemma 3.1. Then
we (0) < {(C/9)t}~(d/2){logs (Ct)-1}
fort>3/C.
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PROOF. Take n so that 3" < Ct < 3"*1. Then by using Lemma 3.1 repeatedly,
we have

w(0) < w3‘3n-1/c(0) < 3_d(n_1)w;3n—1/c(0) < 3_dn(n_1)/2w;3/c(0) < 3-dn(n=1)/2,
Since Ct < 37*1,
n(n —1)/2 > {logs(Ct) — 1}{logs (Ct) - 2}/2

and so
3-dn(n=1)/2 < ((C/9)t}~(4/D{loss(CH)-1}  QED.

COROLLARY 3.3. If D has finite volume, then lim;_, o tPw:(0) = O for every
p. The constant c(p) is finite for every p.

PROOF. The first assertion follows from Proposition 3.2 immediately. The
second follows from Propositions 2.2 and 3.2. Q.E.D.

2. The second estimation is obtained by solving a differential inequality. In the
argument, we assume that d > 2. The idea is very simple and the estimation has
many applications. After the author gave a proof he found that Carleman [C1]
used the same idea in the case d = 2, not for balls but for half planes.

Assume that d > 2. For 6 with 0 < 6 < 1, let S(f) denote a spherical cap on
OB defined by S(0) = {y € 9B1;a < y1 < 1}, where —1 < a <1 and a is chosen
so that [ df = 6. We define a function F on [0,1] by

F(6) =2 / By
(@B )\s() |y — €l
where e = (1,0,...,0). Our second estimation is the following:

LEMMA 3.4. Let D be a domain in R%, d > 2, and let x be a point in D.
Then, for every r and R with |z| <r < R,

R
wr(z) < (exp— / @dt) wr (@),

where 0; = f(aB,)nD dd = 0((0B;) N D).

PROOF. Let I'y = (8B:) N D and é > 0. By the maximum principle, we have

w () — weys(z) > <il£1f(wt — Wt46 )) w ()

in B; N D. We note that
Wt —Wits =1 —wips 21— vys
on Iy, where vt45(-) = w(:,(0Btys) N D, Biys). We may assume that 6, is a
continuous function of t. By the Poisson formula,
1 (t+6)2—t?
1—v4s(2) = —/ A ds(y

(t+6)0 JoBesnriss 1y~ 21 )

for z on I'; and so
1—viys > (F(0:) /)6 + 0(6)
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on I'y for small 6 > 0. Hence

(wi(z) = wers())/wi(@) = (F(6:)/1)6 + 0(8)

for small 6 > 0. Take an increasing sequence {t; }j:O of positive numbers so that
to =7, ty = R and t; — t;_; is sufficiently small for each 5. Then

lo( 2) Zl <wtﬂ )22%1.‘:5)_1_(31@).

Combining this with the above estimation and letting k tend to oo, we have

log<:);—((xz))>2/r (at)dt QE.D.

REMARK 1. Let D and z be as in Lemma 3.4. For ¢ with 0 < t < |z|, let
wi(z) = Rlim w(z, (0B;) N D, (Br N D)\(B UOBy)).

Then, for every r and R with 0 <r < R < |z],

w'(z) < (%)d_2 (exp—/y wt)dt) R(z).

A proof is given as above by using the Poisson formula for the exterior of a ball.
REMARK 2. Let D} be a connected component of Dy = B;N D containing = and
let 8, = 6((0B;) N dD;,). The inequality in Lemma 3.4 holds even if ; is replaced
with 6;.
Next we summarize the properties of the function F.

LEMMA 3.5. The function F defined before Lemma 3.4 enjoys the following
properties:

(1) F s continuous and decreasing on (0, 1].

(2) F(9) > 2'=4(1 - 6) on (0,1].

(3) F() =2'"4(1—6) +o(1 —0) as 0 — L.

(4) There is a positive constant C depending only on d such that F(0) >
CO~/d=1) in q neighborhood of 6 = 0.

(5) Ifd =2, F(0) = (1/7)(1 + cos8)/sinnd and F(0) = (2/72)0~! + O(6) as
6 — 0.

REMARK. If a function F satisfies the inequality in Lemma 3.4, then F'(6) tends
to 0 as 6 tends to 1 in the case d > 3.

PROOF. It is easily verified that F satisfies (1) to (3). To show (4) and (5), we
introduce a function © defined on [—1,1] by

6(a) = /_ e db(y).

Then O is a continuous and increasing function satisfying 0 < © <1, 0(a) =1-10
and F(0) can be expressed as

e-'(1-9) de
ro=2 G
—1 (2 2y1)
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because
d
y—elf =@ -0+ vf =@ -1 +1-9)=2-2u.
j=2

Since 04(6(a+96) — (-)(a)) = (5/|y ael) X ga—1ly — ae|4=2 + 0(6), where |y| = 1
and y; =a,and so |y —ae| =1 -

d0(y1) = ( -}V 2y,

and

e-1(1-9) (1+ )(d-3)/2
F(o =21-d/2c/ ASBun 7/
@) = (1-y)o?

where C; = 04-1/04.
Setting y; = sinp, —7/2 < p < 7/2, we have

/2

0=1-0(a) = Cl/ (cos p)42dp,

¥o

where g satisfies —7/2 < g < 7/2 and sin g = a. Since

/2 /2 d—1
/ (cosp)?~2dp > / (cos p)?~?sin pdip = M,

©o ©o d-1
1/(d-1)
L (& §-1/(d-1),
cospg  \d-1

If 6 < 1/2, then a > 0 and so
_ (1 1-d/2 ¢ (1+y1)¥?
F0) = (5) + 240 [
The integral on the right-hand side of the equality is greater than

©o ©o i
/ ;dwzf 2P dp = L
o (cosp)? o (cosp)? COs o

F(0) > F(1/2) + 2'7%2C(Co0~ /(4= _ 1),
where Cz = (Cy/(d — 1))/(d-1),

If d > 3, then
0 (1+y1)(d—3)/2
e

and so F(1/2) < 2'-42C,. Therefore, by taking a smaller constant C than
21-4/20,C,, we have F(f) > CO~1/(@=1) in a neighborhood of § = 0. If d = 2,

then .
/@‘“”u+mwg _/“(Hwﬂd
o 1—y2p2 ™~ | =)™

_/“’0 l+sinp ,  1+singpg
—7/2 (cosp)? COS ©o

Hence

dy1<1
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and ) .
9=(1/7r)/¢O dso=;(§—soo)
Hence .
F(9) = 11+singpg _ ll+'cos7r0
T COS g 7w  sinwf
and

F(6) = (2/7%)671 + 0(0)
in a neighborhood of # =0. Q.E.D.
PROPOSITION 3.6. Let D be a domain in R%, d > 2, containing the origin.

Then
r®)(0,D) < p / RPlexp (- / (at)dt) dR,
0 0

where 0, = 0((0By) N D) and F s a function defined before Lemma 3.4.
PROOF. By Lemma 3.4,

R
wgr(0) < exp <—/0 %et)dt) .

Hence the proposition follows from Proposition 2.2. Q.E.D.

We denote by I(P)(D) the right-hand side of the inequality in Proposition 3.6. It
is easy to show that I(P)(AD) = API(P)(D) for A > 0. Let 6} be the nonincreasing
rearrangement of 6;. It is a function on [0,00) which has the same distribution
function as 6; has and is defined by 6; = inf{a > 0;m(a) < t}, where m(a) is the
1-dimensional Lebesgue measure of {¢;6; > a}. 6; is continuous on the right and
K]

D* = B,U{z e RA\{0};,07 (1 - 0},) < z:/|z| < 1}
is a domain, where © denotes a function defined in the proof of Lemma 3.5 and B,
is a ball contained in D. Since 6} = 6((0B;) N D*) and

/()F(f‘)dt</0 wt)dt

we see [(P)(D) < I(P)(D*).

By using these notations we have

LEMMA 3.7. Let D be a domain in R?, d > 2, containing the origin and
having finite volume. Then there is a domain D containing the origin and having

the same volume as D has such that I® (D) < I®)(D) and 6, = 0((dB;) N D) is
nomincreasing.

PROOF. Since
vol D* = a/ Ot*td_ldt < o/ 0,t%1dt = vol D,
0 0

we can choose A > 1 so that volAD* = vol D. Then IP)(AD*) = A\P[P)(D*) >
I1(®)(D*) > IP (D). Hence D = AD* is the desired domain. Q.E.D.

In the definition of F we assumed that d > 2, but the following proposition holds
for every d > 1.
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PROPOSITION 3.8. There 1s a constant C depending only on d such that c(p) <
Cpld=1/4 for p > 1.

PROOF. First we deal with the case d > 2. Let D be a domain containing 0
and having the same volume as B; has. We shall apply Proposition 3.6 to estimate
h(®)(0, D) and so, by Lemma 3.7, we may assume that 6, is nonincreasing. Since

R 0o
R = d/ Optildt < d/ 0,64 1dt =1
0 0

for every nonincreasing 8;, g < R™¢ for R > 0. By (4) of Lemma 3.5,
F(6) > C10~Y/(4-1)

for 6 with 0 < 8 < C7 and so
F(0g) > C{RY(4-1)

for R > C3 = C{l/d. Hence

R R
/ F6e) g > / FO 4y - ¢ rera-v _ g
0 t Cs t

for R > C3, where C4 and Cs are positive constants. By Proposition 3.6,

Cs 0o
R (0,D) <p / RP™YdR + p(exp Cs) / RP~exp(—C4RY 4~ D)dR.
0 Cs

Since, for positive constants A, B, p and g¢,
oo oo
/ RP~lexp(—(BR)?)dR = (¢BP)~! / tP/9=1 exp(—t)dt
(AB)1

A
< (¢gB?)"'T'(p/q),
hP)(0, D) < C% + CepC7PL(p(d - 1)/d)

for some positive constants Cg and C7. Combining the inequality with the Stirling
formula on the I'-function, we have the desired estimate.

Now we discuss the case d = 1. We note the following simple fact. If D C Bp,
then h(®)(z, D) < RP and so h(®)(z, D)'/? < R. In the case d = 1, a domain con-
taining 0 and having the same volume as B; has is just an open interval containing
0 and having length 2, so D is always contained in By and h()(0, D)!/?P < 2. Hence
we can take C = 2. Q.E.D.

3. The third is given by using the Carleman differential inequality and the
Poincaré-Wirtinger type inequality. There are many works on the subject. We
refer to Carleman [C2], Tsuji [Ts1] (or [Ts2, Chapter III, §17]) for d = 2 case and
Huber [Hu] for d > 2. We also refer to a good survey Haliste [Hal|. If d = 2, for
a certain simply connected domain and a certain point x in the domain, we have a

very nice estimation
1 (R dt
<4 —= —
wr(z) < exp( 2/“:l 9tt>

by using the method of extremal length, see Hersch [Her], Haliste [Hal] and Fuchs
(F].
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The main difference between our estimation and that of Tsuji or Huber is how to
apply the Poincaré-Wirtinger type inequality. We apply it to ring domains whereas
they applied it to spheres. The difference is not so small. We have many domains
for which their method does not work well, but ours works well. For applications,
see §8.

Before giving the third estimation, we discuss integral inequalities of the Poincaré
and Wirtinger type. For the usual attribution “Wirtinger’s inequality”, see Mitri-
novié¢ (M, pp. 141-154].

Let f be a continuously differentiable function on [0, 7] satisfying f(0) = f(7) =
0. Then [y (f')%dz > [ f2dz. This is called the Poincaré-Wirtinger inequality.
Equality holds if and only if f is a constant multiple of sin z. There are many vari-
ations of the inequality. For example, if f is a continuously differentiable function
on a cube @ = [0, 7]? vanishing on 9Q, then

/ lgrad f|%dz > d/ f2dz
Q Q

and equality holds if and only if f is a constant multiple of sinz; sinzs - - - sin z4.
More generally, it has a form

/ lgrad f|2dz > a/ f?dz,
Q Q

where (2 is a bounded domain in R and f is a continuously differentiable function
in 2 or on QU J1. The function f vanishes on a sufficiently large subset N of
2 or QU O and the constant a depends on an appropriate capacity of N and
does not depend on f. In what follows we shall show several inequalities of the
Poincaré-Wirtinger type and give the constants a explicitly.

The first is a slight modification of the above and is well known, so we omit the
proof.

LEMMA 3.9. Let f be a continuously differentiable function on [0, 6] vanishing
at least at one point on [0,6]. Then

/06(]’ )2dz > > / f2dz.

For y = (y1,...,yd) # 0, let P, be the orthogonal projection to a hyperplane
yiz1+ -+ yazq = 0.

PROPOSITION 3.10. Let Q be a convex domain with diameter 6. Let f be a
continuously differentiable function in Q and let N = {z € Q; f(z) = 0}. If there
are a finite number of nonzero vectors y\V ... y(") satisfying

0 - U y(]) (J) ))7

/Q|gradf|2da: % — /f2dx

then
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PROOF. Let e = (1,0,...,0). Then P.(z) = (0,z2,...,2q4). If (0,z2,...

P.(N), by Lemma 3.9,

/L<§Tfl>2dzl > (55) ] o

where L = QN P, 1((0,z2,...,24)). Hence,

[ lexaaspaz> [ (2 = (Z) [ P

445

,iEd) S

where N, = N P, }(P,(N)). The inequality with e replaced by y holds for every

nonzero y and so

n/nlgradflzdx > <%)2]‘§1/]Vy(j) f2dz > (%)2/9]”%& Q.E.D.

Next we treat other projections in the case d = 2.

PROPOSITION 3.11. Let f be a continuously differentiable function in an an-
nulus A = {z € R%r < |z| < R} and let N = {z € A; f(z) = 0}. It follows

that
(1) If {z/|z|;z € N} = OBy, then

2
/A|gradfl2dx > 7 <——————2(R — r)) /Af2da:.
(2) If {|z|;z € N} = (r,R), then

1

2 2
/Algradf| dz > 1 /Af dz.
PROOF. For each fixed s, by Lemma 3.9,

/TR (%)2(tei’)dt > (5(1%&)2/:2 Pt dt.
ot~ () (3
/TR (%>2tdt 2 r/R (%)2&

R 1 R
/f2dt21—2/ f2tdt,

we have the desired inequality in (1).

Since

and

To show (2), we fix t with r < t < R and apply the Poincaré-Wirtinger inequality.

Then ) ) )
™ (9f . 1,
_J 18 > = 18 A
/0 (38) (te*®)ds > 1), f4(te**)ds

Multiplying both sides by ¢ and integrating both sides from r to R, we obtain

18f)\? af\? 1

Hence (2) follows. Q.E.D.
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REMARK. If we replace A by A(f) = {te’* € R%r <t < R, —7m0 < s < nf},
where 0 < 6 < 1, the same inequality holds by replacing A by A(6) in (1). In (2)
we replace 1/(4R?) by 1/(160?R?). Note that A # A(1).

We return to an arbitrary d > 1 and show

PROPOSITION 3.12. Let(Q, 6, f and N be as in Proposition 3.10. Then

2
2. 5T .VOlN.i/ 9
/ﬂlgradf| dz_—2 wolB, 5 ﬂf dz.

PROOF. We use notations in the proof of Proposition 3.10. We have proved

2
275 (T 2
/n'grad“ 22 (55) /Nyfd.”

for every nonzero y. Hence

2 /ﬂ jarad [P dz > (1) /S » { /N K dz}ds(y)
==@@f@{ﬁwﬂmuwww%f%a

where S[1/2] = {y € dBy;y1 > 0} and xn, denotes the characteristic function of
Ny.
Set L.(y) ={z+tye Ute R} and S, = {y € S[1/2]; L,(y) N N # J}. Since
N C Uyes, Lz(y) for every z in (1,
6¢ 6¢
N < [ asw) =% [ @)ds)
dJs, d Jsuyz Y
for every z in (1. Combining these inequalities, we have the desired one. Q.E.D.
REMARK. Propositions 3.10-3.12 are valid if ( or A is replaced by its closure.
Now we show the third estimation of harmonic measure wg(0). We extend
wg(z) onto Bg by putting 0 on BR\D. Then wg, we consider limsup,,_,, wr(y)
if necessary, is nonnegative subharmonic in Bg and vanishes almost everywhere
on Br\D. In what follows we use only these properties of wgr. For example,
the argument is valid for w, t > R, and us, t > R, if it is well defined, see
before Proposition 2.2. So we write u for wg and assume that u is nonnegative
subharmonic in Bg.
Set

1 2 2
]\/I(t):id—_l—o/aBuds=/aBud9

for ¢t in (0,R). Since u? is also subharmonic in Bg, M satisfies (1) 0 < M <
00, (2) lim;_o M(t) = u2(0), (3) M is nondecreasing and is a convex function of
r2=d _logr if d = 2. By using these notations we show

LEMMA 3.13. Letu and M be as above. If u satisfies

/ lgrad u|?dz > a(t)/ u?dz
A, A,
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for every t withr <t < 2r < R/2, where A; = {z € R%;t < |z| < 2t}, then
-1

M(r) < (C /727 a(t)tdt + 1> M(4r),

where C = (2¢ — 1)/(2¢734).

PROOF. By an approximation process, we may assume that u is sufficiently
smooth. In this case M is differentiable and

ou 2 ou
! — _ = —_—— —_
M(t)_2./a}3¢uatd0 td“IU/BBtuands’

where du/dn denotes the exterior normal derivative of u on dB;. Hence, by the
Green formula,

2
1y 4 2
M'(t) = . At(uAu+|gradu| )dz.

Since u > 0 and Au > 0 in By, the right-hand side is not less than

2
T dul’dz.
. /Bt |grad u|“dz

Hence, by taking 2t for t, we have
2 2
M'(2t) > ———— adul?dz > ————-——/ 24z,
(2t) > 1o /Bu |grad u|* dz > @0 . |grad u|“dz

By the assumption, we have

, 2a
M'(2t) > (2”%)10 /At u?dz.

Since M(t) is nondecreasing,

2t 2t
/ widr=o [ M(@)t¢tdt > oM(r) / 4 1dt
Ag t

t
and so
M'(2t) > (C/2)M(r)a(t)t
for every t with r < t < 2r. Hence

2r 2r
M(4r) — M(2r) =2 M'(2t)dt > CM(r) / a(t)tdt

T

and
M(4r) > CM(r) / " a()tdt + M(r). QED.

REMARK. From the proof, we know that, to show Lemma 3.13, it is sufficient
to assume that
/ |lgrad u|?dz > a(t)/ uldz,
t Bbt\Bat

where 1 < a < b < 2. In this case we take C = (b — a?)/(2¢73d). We shall use
this argument in Example 3, §8.
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Finally we show the following estimation of h(P)(0, D):

PROPOSITION 3.14. Let D be a domain containing 0. If, for each t > 1,

lgrad f|*dz > a(t)/ fPdz

A A

for every continuously differentiable function f in A, which vanishes almost every-
where on A\D, where A, = {z € R%t < |z| < 2t}, then

0 j 2.4% —1/2
R0, D) <4P {1+ (47— 1)) 47 [] (C / a(t)tdt + 1) ,
j=0 k=0 4k

where C denotes a constant given in Lemma 3.13.

PROOF. To estimate wg(0) for R > 4, take j so that 47! < R < 47+2. Since
wg vanishes almost everywhere on A;\D and wg < 1 in Bg, by applying Lemma
3.13 for u = wgr repeatedly, we have

2.4% -1
/ at)dt + 1)
4k

M(1) < f] (c
j 2.4 -1/2
wr(0) <[] (c / a(t)tdt + 1) .

k=0
and so

k=0 ,
By Proposition 2.2,

47+2

4 e
hP) (0, D) gp/ R”_ldR+pZ/ RP~'wR(0)dR
0 =0 4

j+1
and we have the desired estimation. Q.E.D.
COROLLARY 3.15. If there ts a number jo such that, for every j > jo, a(t) >
(2/(3C))16P~7 on [47,2 - 47], then h(P)(0, D) < oco.
PROOF. From the assumption, we have

2.4k
C atdt+1> 167 + 1
4k

for k > 7. Take g > p so that 169 = 16P + 1. Then

J 2.4k -1/2 o y
4P7 C / atdt +1 < { 4950 4(P—a)s
(e, ) <l i)

k=0

for j > . Since 4779 < 1, by Proposition 3.14, we see that h(P)(0,D) <
0o. Q.E.D.
4. ¢(p) as a function of p. In §3, we have proved that ¢(p) is finite and satisfies

¢(p) < Cpl4=1/d for p > 1. In this section we shall show more about c(p) as a
function of p. First we show the following lemma for a fixed domain:
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LEMMA 4.1. Let D be a domawn and let x be a point in D, and fix them. Set
~(p) = h(P)(z, D)1/, Then

(1) 4(p) is a nondecreasing function of p.

(2) log~(1/t) us a convex function of t, t varies on (0,1] if d = 1 and on (0, 00)
ifd>2.

PROOF. (1) Since Ah® = a(a — 1)h®~2Y (0h/0z;)? + ah® 1 Ah for a constant
a > 0 and a function h > 0, Ah® > 0 if @ > 1 and Ah > 0. Hence (h(P))9/? is
subharmonic in D if ¢ > p. If D is bounded, then both (h(P))9/? and h(9) have the
same boundary values || except a set of capacity zero and so (h(P)%/? < h(9) in
D. Hence, by taking an exhaustion of D if necessary, we have (h(P)1/P < (h(9))1/a
for ¢ > p.

(2) It is sufficient to show that

(1/p + 1/q) log h(¥/(1/P+1/9) < (1/p)log hP) + (1/q) log h'®)

in D and the inequality follows if we show

5 = exp (PTT‘I log h(2/(1/p+1/0)) _ % log h(p)>

is subharmonic in D. Since Aexp f = (Z fj + Af) exp f, where f;, = 0f/0z;,
and Alogh = (hAh — Y h2 ) /h?, setting X; = h{Z/(V/PH/9) p(2/(1/p+1/0) ang
Y; = h®) /h®, we have

As p+q'q‘2 P+dyo dy2
3—Z<an pY’) ) pXj ij

and so s is subharmonic in D. Q.E.D.
Now we show the properties of ¢(p).

THEOREM 4.2. It follows that
(1) e¢(p) > 1 for every p and c(p) =1 if p < d.
(2) There ezist positive constants C; and Co depending only on d such that

Clp(d—l)/d < c(p) < C2p(d—l)/d

forp>1. Ifd =1, we can take C1 =1 and Cy = 2.

(3) ¢(p) s a nondecreasing function of p.

(4) logc(1/t) is a nonnegative convex function of t, t varies on (0,1] if d = 1
and on (0,00) if d > 2.

PROOF. We have mentioned (1) at the end of §1. Properties (3) and (4) follow
immediately from Lemma 4.1. In Proposition 3.8, we have proved c(p) < Cypld—1)/d
for p > 1 and that we can take C; = 2 in the case d = 1. What we have to do
is to show ¢(p) > C1p(4=1/4 for p > 1 in the case d > 2. We shall show it by
constructing a domain D satisfying h(P)(0, D)1/? > C,p(d-1)/d,

Let B, = {z' = (z2,...,24);|2’| <} and let D = (~r, R—r) x B., where R > r.
For given large R we take r so that vol D = vol By, namely, r = C3R~1/(d=1)
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where C3 = (d — 1)04/(dog-1). Let w(z) = w(z,{R — r} x B., D). We shall take
a subharmonic function s in D having a form s(z) = f(z1)g(z’) such that w > s
in D. Since () (0,D) > (R — r)Pw(0) > (R — r)Ps(0), we get h(P)(0, D)/ >
(R —r)s(0)1/7,

Let g(z') = 1 — C4|2'|?r~% on {|z’| < r/2} and be equal to a solution to the
Dirichlet problem in {r/2 < |z/| < r} with boundary values g(z’) on {|z'| = r/2}
and 0 on {|z'| = r}. We choose a positive constant Cy depending only on d so that
g is continuously differentiable in Bj.

Let f(z1) = (exp(az;) — exp(—ar))/(expa(R — r) — exp(—ar)) for a > 0. Then
f(=r)=0, f(R—7r)=1and f” = a®f + b for a suitable constant b > 0. Since

As=A(fg) = f"g+ fA'g = f(a’g + A'g) + bg

in D in the sense of distribution, where A’ denotes the Laplacian in B, and since
A'g=-2(d—1)Cqr=2 in {|2'| < r/2}, s is subharmonic in D if a is taken so large
that a?g — 2(d — 1)Cyr=2 > 0 in {|z’| < r/2}. Since g = 1 — C4/4 on {|z'| = r/2},
we take a = Csr™!, where Cs = (2(d — 1)C4/(1 — C4/4))"/2. Thus we have a
subharmonic function s(z) = f(z;)g(z’) in D satisfying w > s in D.

Since s(0) = f(0) = (exp(ar) — 1)/(exp(aR) — 1) > ar/exp(aR), ar = Cs and
aR = (Cs/C3)RY/ (41,

(R —7)s(0)"/? > C3/P(R — r) exp(—(C5/C3)RY 4=V /p).

Take R so that p = R%/(4=1) and assume that p is sufficiently large. Then R =
(d-1)/d ang
p an
(R - ,.)3(0)1/10 > Clp(d_l)/d

for a positive constant C;. Q.E.D.
COROLLARY 4.3. Ifc(p) = c(q) for p < q, then ¢(p) = c(q) = 1.

PROOF. Assume that c(gq) > 1. Then, by (1) of Theorem 4.2, 1 < p < g. Let
s=1/pandt =1/q. Thent < s < 1. By (4) of Theorem 4.2,

1 1-3s 1 s—t 1
Z) < z il
log ¢ (S> <1 logc (t) + 1 _tlogc(l) <logec (t) ,
because (1—3)/(1—t) <1, ¢(1/t) = ¢(g) > 1 and ¢(1) = 1. This is a contradiction.
Q.E.D.

5. Extremal domains. We call a domain D containing the origin and satis-
fying vol D = vol By “extremal” if h(P)(0, D)!/? = ¢(p), for the definition of ¢(p),
see §1. We have seen in Corollary 2.3 that there exists a unique extremal domain
except a set of capacity zero and it is the unit ball if p < d. How about the case
p>d?

In this section we deal with extremal domains. First we note that if c(p) > 1,
the extremal domain cannot be the unit ball. A related fact will be shown in
Proposition 5.1.

Next we introduce numbers R(p) and r(p). Let R be a positive number satisfying
the following condition: For every domain D satisfying 0 € D, vol D = vol By and
D\Bpg # @, there exists a domain D such that 0 € D, vol D = vol By, D C Bg and
hP)(0, D) > h(P)(0, D). We denote by R(p) the infimum of such R. By definition,
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D C Bpp) for every extremal domain D. If there are extremal domains, then R(p)
is the infimum of R satisfying D C Bp for every extremal domain D.

For the definition of r(p), let r be a positive number satisfying the following con-
dition: For every domain D satisfying 0 € D, vol D = vol B; and vol(B,\D) >
0, there exists a domain D such that 0 € D volD = vol B;, B, C D and
h(”) (0, D) > AP (0, D). We denote by r(p) the supremum of such r. By definition,
vol(B,p)\D) = 0 for every extremal domain D. If there are extremal domains, then
r(p) is the supremum of R satisfying vol(B,\D) = 0 for every extremal domain D.

It is easy to show that 7(p) < 1 < ¢(p) < R(p) for every p. In Proposition
5.6, we shall give an estimation of R(p) and, in Proposition 5.9, that of r(p).
In the definition of r(p), we can replace vol(B,\D) by cap(B,\D). Indeed, if
vol(B,\D) = 0 but cap(B,\D) > 0, then D = D U B, is the desired domain.
Hence cap(B,()\D) = 0 for every extremal domain D.

In Theorem 5.10, we shall show the existence of extremal domains. We do not
succeed yet to give a proof in the case d = 2. For the uniqueness, we discuss the
case d = 1. Finally, we shall comment about open problems for extremal domains.

First we show

PROPOSITION 5.1. Ifc(q) = 1, then the extremal domain is equal to the unit
ball except a set of capacity zero for every p < q.

PROOF. Let D be an extremal domain for p < ¢q. Then, by (1) of Lemma 4.1,
h(®)(z,D)/? < h{9(z, D) in D and, by the assumption,

1 =¢(p) = hP(0,D)¥? < hD(0,D) < ¢(q) < 1.

Since h(9(z, D) is harmonic and h(P)(z, D)¥/? is subharmonic, h(®) (0, D)9/? =
h(9(0, D) implies h(P)(z, D)4/? = h{9(z, D) in D and so (h(P))9/? is harmonic in
D. From a calculation of A(h(P))4/P which was given in the proof of Lemma 4.1,
we see that h(P) is constant and it is equal to 1. Hence |z|? < hP)(z,D) =1in D
andso D C B;. Q.E.D.

We shall introduce a modification of a domain D containing 0 and satisfying
vol D = vol B;. We call it an outer modification. The new domain depends on &.
We denote it by M2D.

Let ¢ be a number with 0 < ¢ < vol By, let R, be a uniquely determined
number by vol(D\Bpg,) = ¢ and let A be a number greater than one satisfying
vol(Ac DR, ) = vol By, where Dp, denotes a connected component of Bg, N D con-
taining 0, note that Dpg, is not Bg, N D as before. Then, by definition, A.Dg,
contains 0. We call the domain an outer modification of D and denote it by M2 D.

Before we discuss the property of the modification, we need the following esti-
mation of harmonic measures:

LEMMA 5.2. Let C be a number with 0 < C < 1. Then there exists a number
T > 1 depending on d, p and C such that w;(0) < Ct4=P0, for everyt > T and
for every domain D containing 0 and having the same volume as B; has, where
wt(0) = w(0,(0B;) N D, By N D) and 6, = 0((0B;) N D). Further, for every e > 0,
there exists a constant Co depending on d, C and € and we can take T so that
T < Copld=D/dte forp > 1.

REMARK. Since w;(0) < v(0) = 6, if p < d, we can take T = 1/C'/(4-P) We
shall discuss this type of estimation in Lemmas 6.1 and 6.2.
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PROOF. Let D be a domain containing 0 and satisfying vol D = vol B;. Let
0; be the nonincreasing rearrangement of ; and let D* be a domain containing
0 and satisfying 8; = 6((0B;) N D*), see before Lemma 3.7. Take A > 1 so that
vol AD* = vol D and set @, = §((0B;) N AD*) = 0;,,. Then

R R AR R
/ F(Gt)t“dtz/ F(eg)t-ldtz/ F(got)t_ldtz/ Flpot—1dt
0 0 0 0

and so, by Lemma 3.4,

R R
wgr(0) < exp—/ F(6,)t™dt < exp—/ F(p)t™tdt.
0 0

By the proof of Proposition 3.8,
R
/ Fp)t~dt > C4RY 4=V _ 4
0
for R > C3 and so

we(0) < exp Cs exp —Cytd/(4=1)

for t > Cs.
Now we apply the Harnack inequality to v;(z) = w(z, (0B;) N D, B;) defined in
B; and obtain
ve(z) < 3-29720,(0) = 3- 24726,

on the closure of B;/,. Hence

w(z) < wyya(x) sup we(y) < wyya(z)-3- 24-2,
yG(BBt/g)ﬁD

in B,/ and so
UJt(O) S 3 2d_2wt/2(0)0t.
Combining this with the above estimation of w; replacing t by t/2, we have
we(0) < 32472 exp Cs exp(—Cy 2~ (@D d/(d=1)yg,

for t > 2C3. We write the right-hand side of the inequality as A exp(—Bt%/(d=1))g,
where A and B are positive constants.

Let C be a given constant satisfying 0 < C' < 1. We shall find a condition on ¢
for the following inequality:

Aexp(—Bt¥ 4=y < Ctd-P,
This is equivalent to
(p — d)logt < Bt¥4=1) 1 1og(C/A).

Now fix all numbers other than ¢t and let ¢ increase. Then the right-hand side
increases more rapidly than the left does; the left may decrease. Hence we can find
T such that the inequality holds for every t > T. Next let t = Cop(4=1)/4+¢ and
fix all numbers other than p. Then

(p — d){log C + ((d — 1)/d + ) log p} < BCY/ (4= Dpl+ed/(d=1) 4 1og(C/A)

holds for large p. Hence we can take T' < Copld—1/d+¢ for large p.
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Finally, we show that T' > 1. Assume that T < 1. Take t = 1 and 6; with 0 <
61 < 1. For every a > 0, we can find a domain satisfying 0 € D and vol D = vol By
such that w;(0) > 6; — a. Hence the inequality in the lemma does not hold. This
contradiction implies T > 1. Q.E.D.

Now we discuss the outer modification of domains.

LEMMA 5.3. Let D be a domain containing 0 and satisfying vol D = vol B;.
Let T be a number given in Lemma 5.2 depending on d, p and C. Suppose that
h®)(0,D) > 1 and D\Br # @. If we take M°D so that

0<e<e=(o/p)(1/C -1)
and Re > T, then h(®) (0, M2 D) > h(P)(0, D).

PROOF. We abbreviate h(P)(z, D) by h(z). Take ¢ so that 0 < ¢ < ¢ and
R =R, >T. Set hg(z) = h®)(z, Dg) and @ r(z) = w(z, (ODR)\(B: UOB;), Dg).
Then, by Proposition 2.2 and Corollary 3.3,

R R
hg(0) = p/ tP~1a, r(0)dt > p/ P~ (0)dt
0 0

—h(0)-p / 17=1,(0)dt.
R
Since u¢(0) < w(0) < Ct?Ph, and

[ee]
vol(D\Bg) = a/ t410,dt = ¢,
R

hr(0) 2 h(0) — C(p/o)e = h(0) — C¢,

where ¢’ = (p/o)e.
Next we consider an estimation of A = ). from below. Since D C B N D,

»o [ _volBy \P* p P ,
A 2(@) >1+E(volBl) €—1+;6=1+€.

Combining these estimations, we have

R (0, M2D) = APhg(0) > (1 + €')(h(0) — Ce') = h(0) + (h(0) — C)&’ — C(e')2.
Since h(0) > 1 and ¢’ = (p/o)e < (p/o)eo = 1/C — 1,
hP) (0, MOD) > h(0) + (1 — C)¢' — C(¢')?
=h(0)+ (1 -C(1+¢'))e’ > h(0). Q.E.D.

LEMMA 5.4. Let D be a domain as in Lemma 5.3. Then, for every a > 0, we

can find € > 0 such that MOD C Bry, and h®) (0, MO D)-> h(?)(0, D).

PROOF. Let g9 be a number as in Lemma 5.3 and let ¢;, j = 1,...,n, be
numbers satisfying 0 < ¢; < g9 and R;, > T. We write M; for ng. Then
M, --- M1 D can be written as Meo(n)D for some ¢(n) > 0. We write R(,) and A(,)
for R.(n) and A.(,), respectively. By definition, R(n) decreases as n increases. If
B, C D, then p < R(n), because p > Ry, implies Mg(n)D = B and contradicts
h®)(0, Meo(n)D) = h®) (0, M, --- M; D) > h(®)(0, D) > 1. Hence R(,) converges to
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a positive number as n increases. This implies that A(,,) increases and converges to a
positive number, and so A, tends to 1 as n increases to co. Since A2 > 1+4(p/0)en,
€, tends to 0 as n tends to co.

Now we take {£;}52, as follows: &, = g9 if vo = vol(D\Br) > €0, €1 = vp
if 0 < vy < €g, and €5 = €0 if Vj—1 = VOl(Mj_l'-‘MlD\BT) > €g, €5 = Vj—-1
if 0 < vj_1 < g for j = 2,3,..., note that v; > 0 for every j. Because ¢,
tends to 0 as n tends to oo, €, = v, for large n and this means that R, =T
and Meo(n)D =M, ---MD C By, r, where A\, = ). . Since A, tends to 1 as n
tends to oo, we can choose n so that A\,7 < T + a and ¢ = ¢(n) is the desired
number. Q.E.D

To make everything clear, we introduce a number T'(p) = T'(p,d). Let T be a
number given in Lemma 5.2 depending on d, p and C. Let T¢(p) be the infimum of
such T. T¢(p) decreases as C increases. We define T'(p) as lime—; Tc(p). T(p) =1
if p < d, because T (p) < 1/C1/(4-P) as mentioned in the remark to Lemma 5.2.
By using this notation we have

COROLLARY 5.5. It follows that R(p) < T(p) for every p.

PROOF. Let T be a number given in Lemma 5.2. Let D be a domain satisfying
0 € D, volD = volB; and D\Br4, # @ for a > 0. Then D\Br # & and
so if h(P)(0,D) > 1, by Lemma 5.4, we can find D = M%D C Br,, satisfying
h(P)(0,D) > hP(0,D). If A(P)(0,D) < 1, we set D = By C Briq. Hence T + a
satisfies the condition on R of the definition of R(p) and so R(p) < T + a. Since a
is arbitrary, we have R(p) < T and so R(p) < Tc(p). Hence R(p) < T(p). Q.E.D.

PROPOSITION 5.6. It follows that

() R(p)=14p<d

(2) R(p) > C1p@=1/2 if p > d, where C; is the same constant as in Theorem
4.2.

(3) If p > d, for every e > 0, there is a constant Cz depending on d and ¢ such
that R(p) < Copld—1)/d+e,

PROOF. (1) follows from Corollary 2.3. Since ¢(p) < R(p), (2) follows from
Theorem 4.2. (3) follows from an estimation of T in Lemma 5.2 and Corollary
5.5. Q.E.D.

REMARK. In the case d = 1, every domain containing 0 and having length 2 is
contained in Bs, see the proof of Proposition 3.8. Hence R(p) < 2 for every p > 1.

Next we shall introduce another modification of a domain D containing 0 and
satisfying vol D = vol B;. We call it an inner modification. The domain depends
on €. We denote it by M¢D.

Let £ be a positive number, let r. be the supremum of numbers ¢ satisfying
vol(B;\D) = ¢ and let A, be a number less than one satisfying vol(A¢(B,, UD)) =
vol B;. By definition, A¢(B,, U D) contains 0. We call it an inner modification of
D and denote it by M¢D. In what follows, we set p(D) = sup{t > 0; B, C D}. By
definition, p(M!D) = Acre.

Before we discuss arbitrary domains, we introduce admissible domains and deal
with their modification. If d = 1, every bounded domain containing 0 is admissible.
We assume d > 2 and define admissible domains.
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Let a; =0, ag,...,an4 be strictly increasing numbers and let B(), ... B(") be
open subsets of dB; such that B(Y) = 9B; and BU-VNBU) £ G forj =2,...,n.
We assume that the boundary of each BU) in dB; is smooth if it is not empty
and d > 3, and (0B;)\BY) is of positive length if it is not empty and d = 2. Set
EW = {z = ry;r € (aj,a;+1), y€ BU}, j=1,...,n, FU = {0}, FO) = {z =
ry;r = aj,y € BU-UNBU)Y, j=2,...,n,and D = J]_,(E® UF). We call a
domain D admissible if D can be expressed as-above. It is easy to show that any
domain can be exhausted by admissible domains and every boundary point of an
admissible domain is regular with respect to the Dirichlet problem. We note that
if B(®) # 9By, then p(D) = a,.

LEMMA 5.7. Let D be an admissible domain having the same volume as B;
has. If ¢ = 2'7%/p < 1 and if gp(D)~% > 1+ a for some o > 0, then there is a
positive number €9 such that

h()(0, M:D) > h'P)(0, D)(1 + a(p/o)e)
for every e with 0 < ¢ < gg.

PROOF. For the sake of simplicity, we write p, r and A for p(D), r. and A,
respectively. We set r = p+ 8, 6 > 0. We note that p is fixed and r and X varies as
¢ varies. Further we abbreviate h(P)(z, D) and h(P)(z, B, U D) by h(z) and h,(z),
respectively.

First we take (1) so small that r = r. < inf{a;;a; > p} for every € < g(y).
Further conditions on € we shall mention later. We extend h by setting h(z) = |z|P
on D. Then h is continuous on the closure of D and so h, — h is continuous on the
closure of B, and nonnegative harmonic in B,. Let I' = (9B,)\D. Since h, > rP
in B,UDand h=p? on T,

ho(0) = h(0) = /.9 (k)

> [ (b= )it + [ (7= 7)o

We apply the Poisson formula to a positive harmonic function w = h, — 7P in
B, and obtain

_ , 41
w022 () w022 )

onI' C 0B,. Hence
hr(O) - h(O) Z 0(].—‘){21_‘16"'_1(’),(0) — Tp) + ppp—lé}'
Noticing
e=o / (T)t?dt < of(T)r 16
p
and setting ¢’ = (p/o)e, we have

h.(0) — h(0) > (qh(0) — qrP + pP)r~%¢'.
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Since P
volB; \? p
AP = ———— - = -1
(volBl +€> =1 d(VOIBl) ¢
=1-Le=1-¢,
o

hP) (0, M!D) = APh,(0)
> (1 - € ){r(0) + (gh(0) — gr? + p")r %'}
= h(0){L + (gr=% = 1)e'} + {(p? — qr®) — (qh(0) + pP — qrP)e'}r %
Now we mention how to take 9. First take Q so that ¢ < Q < 1 and fix

it. Next take £(2) so small that (r/p)? < Q/q for every € < g(2) and set g(3) =
(0/p)(1 = Q)pP(ge(p)? +1)~". Then, for every e < min{e(1),e(2), (3},

e = (p/o)e < (1 - Q)pP(ge(p)? + 1)~
< (07 — grP)(gh(0) + pP — grP) 1.

Hence _

hP) (0, MID) > h(0){1 + (gr~¢ — 1)¢'}.
Finally we take €(4) so that gr~% > 1+ « for every ¢ < €4) and set g9 =
min{e (1), €(2),€(3),€(4)}- Thus we obtain the required inequality for every e <
£€o- .E.D.

Now we return to an arbitrary domain and show

LEMMA 5.8. Let D be a domain containing 0 and having the same volume as
B has. It follows that

(1) If D'# By, then p(MiD) > p(D).

(2) If g=2'"4/p < 1 and if g(p(M:D))~* > 1 + a for some a > 0, then

hP)(0, M:D) > hP) (0, D)(1 + a(p/o)A%e).

PROOF. We use the same abbreviation as in the proof of Lemma 5.7. To prove
(1), assume that Ar < p = p(D). Then

vol M{D = vol AB, + vol \(D\B;) < vol B, + vol(D\B,).

If B, # D, then (B,\B,) N D = & and so vol B, 4+ vol(D\B,) < vol D. Hence
vol M!D < vol B;. This is a contradiction and so p(M:D) = Ar > p.

To prove (2), we may assume that D is admissible. Assume that there are
positive numbers €y, ..., &, such that MéD =M, ---M;D and

hP (0, M, --- M, D) > hP (0, M;_, --- M, D)(1 + a(p/o)e;)
for j = 1,...,n, where M; = M and MoD = D. We write r; and \; for r; and
Ae,, respectively. Set po = An---A1p(D) and p; = Ap - Ajp1p(M; --- My D) for
J = 1,...,n. Since p(M;--- M\ D) = A\;r; > A\jp(M;_y--- M D), p; > p;—1 for
7=1...,n _
To estimate the volume of Ac(B,,\D) = B,(p:p)\Ae D we note that p(M;D) =
Prny AeD = A, -+ A1 D and

By \n =MD = | J(By,\By,_,\An - A1 D).

g=1
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Since
Bo,\Bop,_ \An - MiD = (An - Aj)(Br;\Bp(m;, 1My D) \Aj-1- -~ A\1D)
= (An--A)(Br,\Mj_y--- M{D),
An -+ Aj < 1and vol(B,,\M;_, --- M1 D) = ¢;, we obtain

e = vol(B,(mspy\NeD) < D ¢
Combining this with

[1(1+e(2)e) 21+ (5) o
we have the desired inequality.

Finally we show the existence of ¢1,...,, mentioned above. It is sufficient
to check the condition on £ in Lemma 5.7. First we have taken £(;) so that
r < inf{aj;a; > p} for ¢ < (). Since n and a,i; are finite, this condition
on ¢ is not essential. The next condition is (r/p)? < Q/q for every € < g(g).
Since Q/q is fixed and, by (1), p(M,--- M D) increases as j increases if 1 >
(¢/(1 + a))¥/4 > p(M;_1--- M1 D), we can take (o) independent of j. We can
take €(3) independent of ] by the same reason. By the assumption we can take ¢4)
independent of j. Hence, for every € > 0 satisfying g(p(M:D))~% > 1+ a, we can
find €1, ...,&, mentioned above. Q.E.D.

PROPOSITION 5.9. It follows that

(1) r(p) =1+ p<d.
(2) 2V/4-1p=Y/d < r(p) if p > d.

PROOF. (1) follows from Corollary 2.3. To prove (2), let D be a domain con-
taining 0 and having the same volume as B; has. Assume that ¢t < 21/4-1p=1/d
and vol(B;\D) > 0. Then (2'~¢/p)t~¢ > 1 and so, by Lemma 5.8, we can find
D= M?D satisfying B; C B,mipy C M ‘D = D and AP (0,D) > h®(0, D).
Hence t < r(p) and so (2) holds. Q.E.D.

It is plausible that extremal domains exist for every d and p, but we are able to
show

THEOREM 5.10. There exist extremal domains for every p if d # 2.

PROOF. First we deal with the case d > 3. Let {D,} be a sequence of domains
containing 0 and having the same volume as B; has such that h(P)(0, D,,) tends to
c(p)? as n tends to co. Here we use D, to express a sequence of domains, so D, is
neither B, N D nor its connected component as before.

By Propositions 5.6 and 5.9, we may assume that B, C D, C Bg for every n
and for some fixed positive numbers r and R. We take R so that D,, C Br: C Bp
for some R’ < R. '

Here we apply spherical rearrangements due to Baernstein [Bae] and Baernstein
and Taylor [Bae-Ta]. Let D be a bounded domain containing 0. Then h(®(z, D) —
|z|P is positive and superharmonic in D. It can be expressed by using the Green
function Gp in D as

_Zd_l—Q)g/GD(y’ 2)Ay (h?)(y, D) — [y|P)dy = Lﬁ;'de/GD y, z)|y[P~2dy.
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Let D* be the spherical rearrangement of D. D* is defined by (B;) N D* = tS(6;)
if (B;) N D is neither empty nor the full sphere and (8B;) N D* = (0B;) N D if
(0B¢)N D is empty or the full sphere, where 6, = 6((9B;) N D) and S(,) denotes a
spherical cap defined before Lemma 3.4. We note that D* is not the same domain
defined before Lemma, 3.7.

According to a very nice result due to Baernstein and Taylor,

/ Gp(y,0)ds(y) < / G- (y,0)ds(y);
(0B)ND (8B¢)ND*

see [Bae-Ta, p. 267, Corollary 1]. Hence

| Gow 0l 2y < [ Go-(u, 02y

and so h(P)(0, D) < h(®)(0,D*). By using this remarkable fact, we may assume
that each D, is invariant under the spherical rearrangement, namely, D} = D,,.

Further we may also assume that each D,, has a smooth boundary.

Now we consider functions h(")(x,Dn) not in D, but in Br. We extend each
hP)(z, D,,) by setting h{P)(z, D,)) = |z|P on Br\D,. Then R? — h(®)(z,D,) is
nonnegative, bounded and superharmonic in Bg and it is a Green potential Gu,
in By of a positive measure u,. Note that the Green potential is considered in Bp
this time and not in D as before. Since

_ 1 2
| G = gy, [, lerad G

and

/ lgrad G, |?dz 5/ lgrad(RP — |z|P)|%dz :/ lgrad|z|P|?dx
Br R Br
by the Dirichlet principle, the Green energy [ Gundu, are uniformly bounded.
Hence we can choose a subsequence {u,,} of {u.} such that {un,,} converges
weakly to a measure p with finite Green energy. In what follows we may assume
that {u,} converges weakly to u.

We set D = Bgr\supp 1 and we shall show that D is an extremal domain. To do
so, it is sufficient to show that

(1) D is an open set containing 0 and has the volume not greater than that of
Bla

(2) lim, .o AP)(0, D,,) = c(p)? < h(P)(0, D).

To show (1), we note that {u,} also converges vaguely to u in Bg. Let p < r
and let f be a nonnegative continuous function in Bg such that f = 1 in B, and
supp f C B,. Then u(B,) < u(f) = limpu,(f) = 0. Hence 0 € B, C D. Next let
K be a compact subset of D and let f be a nonnegative continuous function in Br
such that f =1 on K and supp f C D. Since

ditn = ~((d = 2)0) " (AGun)dz = p(p +d — 2)((d — 2)0) 2" ~2da

in BR\D,\0D,,, there is a positive constant a such that du,, > adz in Bg\D,\0D,,
for every n. Hence

vol K = vol(K N Dy) + vol(K\D,,) < vol D, + (1/a)pn(f).
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Since vol D,, = vol By and u,(f) — u(f) = 0, vol K < vol By for every compact
subset K of D and so vol D < vol B;.

To prove (2), we set h(z) = RP — Gu(z). Since Gu(z) < liminf.Gu,(z) in Bg,
lim h(P)(0, D,,) = limsup h(®)(0, D,) < h(0). Hence it is sufficient to show that
h(z) = h®)(z, D) in D. Since h is harmonic in D and |z|? < limsup h(P)(z, D,,) <
h(z) in D, hP (2, D) < h(z) in D. To show the opposite inequality, let L =
{(21,0,...,0); —R < z1 < —r}. We shall show that h(z) < |z|? on (OD)\L.

Let zo € (0D)\L and fix it. Let Bi(zo) = {z;|r — zo| < t}. By using the
same argument as in the proof of (1), we see that if By(zo) C D, for every n, then
B,(xo) C D for every p < t and so Bi(zo) C D. Hence there exists a subsequence
{n&} of {n} and z,, € 3Dy, such that z,, — zo (k — 00). Since D}, = Dy, and
zo € (AD)\L, for every € > 0, we can find é > 0 such that

h(”)(:co,an U Bg(.’to)) < |(E0|p +€

for every k > kg. Fix such §. By using the same argument as above, replacing
Gun(z) by Guly, (z) = RP—h(P)(z, Dy, UBs(z0)), we see that there is a subsequence,
say {u’(j)}, of {u,,} and a measure y’ with finite Green energy such that ()
converges weakly to u’. Since Gu’(j) < Gugy) and p(jy (resp. “E j)) converges
weakly to pu (resp. u'), Gu' < Gu. Hence h(z) = RP — Gu(z) < RP — Gu'(z). Since
Bs(zo) C D(;)UBs(zo) and p;) converges vaguely to u', lim Gu(;y(zo) = Gu'(zo).
Therefore

h(zo) < lim(RP — Gu'(j)(a:o)) = lim h(®) (z, Dy U Bs(z0)) < |zolP + ¢

for every € > 0. Thus we have proved h(z) < |z|P on (OD)\L.

Since d > 3, L is a set of capacity zero and so the inequality holds on 9D
except a set of capacity zero. Hence h(z) < h(P)(z, D) in D. Combining this with
h(®)(z, D) < h(z), we obtain the required equality h(z) = h(P)(z, D) in D.

Next we deal with the case d = 1. In this case, a domain containing 0 and
having the same volume as B; has is just an open interval containing 0 and having
length 2. We write B(e) = (-1 +¢,1+¢), where —1 < ¢ < 1, and let f(¢) =
h(®)(0,B(e)). Then f is continuous in (—1,1), f(0) = 1 and lim,_ 4 f(¢) =
0, because h(®)(z, B()) is a linear function, say a(e)z + f(¢) in B(e) satisfying
la(e)] < 2P/2 = 2P~1. Hence f(c) attains its maximum at some €5 € (—1,1) and
B(em) is an extremal domain. Q.E.D.

REMARK. The existence theorem holds not only for ¢? but also for more general
®(t).

We discuss further the case d = 1.

PROPOSITION 5.11. In the case d = 1, there is a unique extremal domain
(=1,1) 4f 1 < p < 3 and there are two eztremal domains if p > 3.

PROOF. We use the notations at the end of the proof of Theorem 5.10. Let
h(z) = hP)(z, B(¢)). Since h(—1+¢€) = (1—¢)?, h(1+¢) = (14¢)? and h is linear
in (-1,1),

fle) =h(0) = ({1 -e)(1+e)P + (1 +€)(1 — )P}
If p =3, then f(¢) = 1 —¢*. By (1) of Lemma 4.1, f(g) < (1 — &%)?/3 for p with
1 <p < 3. Since f(0) = 1 for every p, B(0) = (—1,1) is a unique extremal domain
for p with 1 <p < 3.
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To discuss the case p > 3, we note
f(e) =1+ (p(p — 3)/2)e? + o(¢?)

for € in a neighborhood of 0. Hence max f(¢) > 1 if p > 3. Since lim._+; f(¢) =0,
f'(em) = 0 for some ey where f(e) attains its maximum. Since f(0) = 1 and
f(—¢) = f(e), it is sufficient to show that f’(¢) = 0 has at most one solution in
(0,1). By the definition of f(e),

F'&e)=GH(=(1+e) +p(l-e)(L+e)P "+ ((1—¢€) —p(L+¢))(1 - )P~}

and so f’(e) = 0 is equivalent to

(i;i) (- D+ep+ 1)~ (- 1) - e(p+ 1) =0.
—¢)/(1+¢)and ¢ = p— 1, we have
{(g+1)—2}27— (g+ 1)z +1=0.

Setting z = (

We write the left-hand side of the equation as g(z). Then ¢ is a function defined
on [0, 1], g(0) = 1, g(1) = 0 and

g"(z) = qlq+ 129" *{(g— 1) — z}.

Since ¢ > 2, ¢’’(z) > 0 on (0,1]. Hence g is strictly convex on (0, 1] and g(z) =0
has at most one solution on it other than 2z = 1. Q.E.D.

REMARK. Two extremal domains are B(ep) and B(—ep) = —B(enm). If
we regard these domains as the same, Proposition 5.11 asserts the uniqueness of
extremal domains in the case d = 1. If we consider more general ®(t) for t?, the
uniqueness does not hold. Indeed, take p > 3 and fix it. Let ®4(t) be a continuous
function on [0, 00) which is equal to P outside (1 — 6,1+ é) and is equal to a linear
function at + b in (1 — 6,1 + §), where a and b depend on §, § is a number with
0 < 6 < ep and €y is a positive number such that B(eps) is an extremal domain
for tP. Let h be the least harmonic majorant of ®5(|z|) in B(e) and let f(e) = h(0).
Then

fle) = (UL = e)@s(L +¢) + (1 +€)Ps(L — )}

and so f(¢) = (a+b)—ae? on [-6,6]. Hence f(0) > f(¢) on [—6,6]. Now let us vary
6. If  increases from 0 to €5y, then f(0) increases from 1 to a+b > (a+b) —ae3, =
h(P)(0, B(epr)), where a and b are coefficients corresponding to ®.,,. Hence we can
find 6 > 0 such that f(0) = h(P)(0, B(en)). If we take such a §, f(e) attains its
maximum at three points; —eps, 0 and ep7. By modifying &5 at t = 1 — 6 and
t =1+ 6, we have an example of smooth ® as well.

Finally we summarize open problems on extremal domains. By the definition
of R(p), we see that the union of all extremal domains is Bpg(y) if they exist,
because the image of an extremal domain under a rotation around the origin is
again extremal. How about for the intersection of extremal domains? In this case,
we take the intersection not for all extremal domains, but for all extremal domains
maximal for capacity. We say a domain D is maximal for capacity if, for every z
on the boundary of D and for every r > 0, cap(B,(z)NdD) > 0. Is the intersection
B, (»? We do not know whether it is open or connected. We do not succeed to
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give an estimation of r(p) from above. It will be 7(p) < Cp~1/? for some constant
Cc>o.

A closely related problem is the following: Is ; = 6((0B:) N D) nonincreas-
ing for every extremal domain? A natural conjecture on extemal domains is the
following uniqueness theorem: An extremal domain maximal for capacity is deter-
mined uniquely except rotations around the origin. If this conjecture is true, r(p)
and R(p) are inner and outer radius of an extremal domain maximal for capacity,
respectively.

An interesting problem is to give an explicit equation defining the boundary of
an extremal domain maximal for capacity. For example, if p < d, then B; is an
extremal domain maximal for capacity and its boundary is given by z2+- - -+z2 = 1.
In the general case, the problem seems to be very difficult.

6. Further estimation of ¢(p). In Theorem 1.4 we proved that ¢(p) = 1 if
p < d and we gave other estimations of ¢(p) in Theorem 4.2. Are there any p > d
satisfying ¢(p) = 1?7 If d = 1 we have seen in the proof of Proposition 5.11 that
¢(p) = 1 for p with 1 < p < 3. Hence such p exist for d = 1. In this section we shall
show such p do exist for every d > 2.

First we introduce a number T (p) and discuss the relation between T (p) and
T(p) defined before Corollary 5.5. We define T1(p) as the infimum of T' > 1 sat-
isfying w;(0) < t?~P@, for every t > T and for every domain D containing 0 and
having the same volume as Bj; has, where w;(0) = w(0,(dB;) N D, B; N D) and
0t = 0((83t) N D)

LEMMA 6.1. It follows that

(1) Both T(p) and Ti(p) are nondecreasing functions of p.
(2) 1< Tu(p) < T(p) for every p.

(3) For everyp and e >0, T(p —€) < T1(p).

(4) c(p) < T1(p) for every p.

PROOF. By the definition of T(p) and Ti(p), (1) and (2) follow immediately.
Let a > 0 and t > Ty(p) + a. Since

1 11 1 1
tp tetp—e = (1+a)Etr¢

for every t > Ty(p) + a > 1 + a, by the definition of T¢(p),

Ti/(1+a) (p —€) < Ti(p) + a.

Hence T'(p — €) < T1(p) + a for every a > 0 and so (3) holds.
If d = p = 1, then (4) holds because ¢(p) = 1. In other cases (4) follows from (3),
because c(p —€) < R(p —¢) < T(p — €) < T1(p) and ¢(p) is continuous. Q.E.D.
There is another characterization of Ty (p). Let D be a domain containing 0. We
do not assume that vol D = vol B;. Let D; be a connected component of B, N D
containing 0 and let 7, be the volume radius r(D;) of D;.

LEMMA 6.2. It follows that

we(0) < (re/t)P~ %6,



462 MAKOTO SAKAI

for every t satisfying r./t < 1/Ty(p). In particular, the inequality holds for every
t > 0 if Ti(p) = 1. Furthermore, w;(0) < r’l’_dOI for every domain D satisfying
r1 =r(D1) < 1/Ti(p).

PROOF. Take A > 0 so that vol(AD;) = volB;. Then A = 1/r,. If r/t <
1/Ti(p), then At > Ti(p) and so w},(0) < (At)4~P6},, where w’ and 6’ denote
w and 6 corresponding to AD;, respectively. Since w},(0) = w¢(0) and 6}, = 6,
we have the desired inequality. It follows that r,/t < 1 for every t > 0, because
re = r(D;) < r(By) = t. Hence if Ti(p) = 1, the inequality holds for every
t>0. QE.D.

Next we show

PROPOSITION 6.3. It follows that Ty(d + 2'~4) = 1.

PROOF. We shall show .
wi(0) < (r/t)* " 6,
for every t > 0 and for every domain D containing 0. We may assume that D is an

admissible domain defined before Lemma 5.7.
Take t > 0 and fix it. For s with 0 < s < t, we set

ws(z) = w(z,(0B) N D, Bs U Dy).

Then w; = w; for sufficiently small s and w;, increases and converges to v; as s
increases and tends to t.

Now we use the same argument as in the proof of Lemma 5.7 replacing D, p, 7, h
and h, by D;, s, s+ 6, w, and wss, respectively. Then, for sufficiently small 6,
we have

wer5(0) — wy(0) = / (Wors — ws)dl > / w540
9B, (0Bs)\D:

> 21745 (s + 6) " %ew,45(0),

where ¢ = af:+6 0((0Bs)\D;)r?~'dr. Taking an increasing sequence {s;}%_, of
positive numbers so that ws, = wt, sk =t and s; — s;j_1 is sufficiently small for
each 7 =1,...,k, we have

o (225) = S (225

Combining these inequalities and letting k — oo, we have

et 1-d ——-1/ —d
log («zt(O)) 22 [

Let A= {z;a < |z| < t} and take a so that vol A = vol(B;\D;). Then

/ x|~z > / || ~%dz = o <log <£>>
B:\D; A a
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and a = r;. Hence

0 —d t
log (W) > 2174 ]og <T_t> . QE.D.

Combining (4) of Lemma 6.1 with Proposition 6.3, we have the following main
theorem:

THEOREM 6.4. It follows that c(p) =1 if p < d +2'¢.

7. A conjecture and supporting facts. It is natural to ask “What is the
greatest value of p satisfying ¢(p) = 17” Our conjecture is

CONJECTURE. The greatest value of p satisfying c¢(p) = 1 is d + 2, namely,
c(p)=1forp<d+2.

A stronger conjecture is r(p) = R(p) = 1 for p < d + 2. By (3) of Lemma 6.1
and Proposition 6.3, R(p) = 1 if p < d + 2!~%. We note that if d = 1, then the
conjecture is true. We write this as the following proposition. The proof is omitted
because it was given in the proof of Proposition 5.11.

PROPOSITION 7.1. Assume thatd = 1. Thenc(p) =1 forp with1 <p <3
and ¢(p) > 1 for p > 3.

To show the next supporting fact, let us consider domains close to the unit
ball. For a continuously differentiable function p defined on the unit sphere dB;
and satisfying | aB, Pds = 0, take a family {pe}e>0 of continuously differentiable
functions p. defined on dB; for every small € > 0 such that

(1) vol Q¢ = vol By, where Qe = {z = |z|y; |z| < 1 + €pe(y),y € B},

(2) [5p, P2ds = [5p, P?ds (e = 0),

(3) fﬂs |grad H?<|dz — fB. |grad H?|%dz (¢ — 0),
where Hpe(z) = Hr<(=/1z1)(z,Q),) and HP(z) = H?(z, B,).

For every p, there exists a family {p.} satisfying (1) to (3). For example, let
Ve = {z = |zly; |z| < 14+ep(y),y € dB1} and set . = r(V.) V.. Then l+¢ep.(y) =
7(Ve)71(1 + €p(y)) and so p. is continuously differentiable on dB;. By definition,
(1) is satisfied. Since [, pds =0,

o

volV, = = pi

: (14 ep)ids =
d JaB,

(1+o(¢))

and so 7(Ve)™! = 1+ o(¢). Hence p. converges uniformly to p and (2) follows.
By using the same argument as above we see that dp. /9y, converges uniformly to
0p/dy, on OB;. Hence

| lerad(iz: - Bp)Pdz 0 (e o)
Qe
where H?(z) = HP/121)(z,Q),) and
/ lgrad(H? — HP)|?de -0 (¢ —0)
K

for every compact subset K of B;. Thus (3) is satisfied.
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We say (). is close to Bj if € is small. We shall show

PROPOSITION 7.2. Ifp <d+2 and p # 0, then h(P)(0,Q,) < 1 for every Q.
sufficiently close to By. The same holds if p = d + 2 and p is not a linear function
of y1,- -, Ya.

To prove the proposition, we need the following lemma:

LEMMA 7.3. Let p be a continuously differentiable function defined on B;UOB;
satisfying [, pds =0. Then

/ pzdsg/ |grad p|%dz.
681 Bl

Equality holds «f and only if p 1s a linear function of zy,...,z4.

PROOF. Let H*(z) = H*(x,B)) and write Dq(f) for [, |grad f|*dz. Then,
by the Dirichlet principle Dpg, (H?) < DBl(p). Hence we may assume that p is
harmonic in B;. Let p(z) = Y oo ;-1 Hj(z) be an expansion of p in B; by spherical
functions, where H; denotes a sphencal function of degree j.

Since 0H;/0n, = jH;(y)/r on 0B,, where d/dn, denotes the exterior normal
derivative at y € dB,, by the Green formula,

dp
Dg,(p) = / pa P ds — / pApdz
9B, B,

-1 /8 . (X m) (358, ds

Noticing [, H;Hyds = 0if j # k, we have

1 .
Do, (p) =723 [ Hids.

1
;/BBTPst——/ (ZH) ds——z aB,H?ds’

by letting r — 1, we have the requlred inequality. Equality holds if and only if
H; =0 for every j > 2, namely, p is a linear function H; of zy,...,z4. Q.E.D.
PROOF OF PROPOSITION 7.2. We may assume that d > 2, because we have
treated the case d = 1 in the proof of Proposition 5.11.
First we note that

(=200 = [ g, | u g (g ) s,

Ou ——(y)dsy =0
o0 Ony

for every u harmonic in () and continuously differentiable on the closure of (1,
where (1 is a domain with smooth boundary containing 0, r = |y|, d/9n, denotes
the exterior normal derivative at y € 9Q) and ds, denotes the surface area element
of 9(). These are obtained by the Green formula. In the above and in what follows,
if d = 2, we replace (d — 2)o and 1/7%~2 by 27 and log(1/r), respectively. We shall
apply these equalities to u(z) = h(P)(z,Q.) = H"" (z,0Q). We write H!' (z) for
H™" (x,0).

Since

and
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To calculate [, r*~“0HL" /Onyds,, we use the second equality and know that

it is equal to
P
/ (Tl_a — 1) aHe dsy.
890, T any

Since 1274 — 1 = —(d — 2)epe (y/|yl) + o(e),

oOH™ QH+Pere(y/lyl)+o(e) (y () oH{-
oY) = ) < e ) 4ol
Ty

ony Ny
on 9€) and

OHP-
D HPe =/ (i> £ )
Qe( € ) a0, Pe |y| 3'ny Sy

the integral is equal to

—(d — 2)pe?Dq, (H?¢) + o(€?).

To calculate — [, HI 0r?~?/dn, ds,, we note that

0 (1N g g gyl et
an, (,.d_2>dsy—(d 2) -1 (ny,y/lyl)_(d 2)ads.

Then it is equal to

7] 1
- fam = <—Td_2> dsy = (d - 2)/831(1 +epe)Pds
=(d-2) {o +pe/p€ds + zﬁ%_—l—)»sz/pfds + 0(62)} :

Since .
10, = = 1 dgs = 2
VO T aBl( + oo )ds d
and
/(1+€pa)dds=o+d€/p5ds+ d(d; l)sz/pgds+o(s2),
we have

s/peds=—d_

Hence the integral is equal to
(d-2) {a + Msz/pgds + 0(52)} .

Adding these two and dividing by d — 2, we have

162/p§d8+0(€2).

o{h®(0,0,) -1} = {—‘pDQs (H?) + M /33 pgds} €% + o(e?).

If p satisfies the assumption, by Lemma 7.3 and conditions (2) and (3) of {p.},
the right-hand side becomes negative for sufficiently small € and so the proposition
follows. Q.E.D.
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Next consider the case p = d + 2 and p is a linear function of yi,...,yq. We
may assume that p(y) = y;. Let us take 0. = Bj(ece) = {z;|r — ce| < 1}, where
e =(1,0,...,0). Then, by the Poisson formula,

(p) 1 1- ¢
R'®(0, By (ce)) = o |og - Whﬂpdsy-
1(€€

Set Y =y —ee. Since |y]> = [V +¢e|> = 1+ 2Yie + € and [, Vidsy =0,
R (0, By (ce)) = 1 — &,

Combining this with Proposition 7.2, we guess that h(d+2)(0, Q) < 1for p#0and
(2 sufficiently close to B;. Finally we show

PROPOSITION 7.4. Ifp>d+2, then c(p) > 1.

PROOF. Let By(ece) and Y = y — ce be as above. Since
ly[P~¢ = (|y|*) P~/

=1+ (p-d)Yie + {p;d + (p"d)(’;_d_2)Y12}62+0(62)

and

Y2dsy = 2,
/331 ! d

by the Poisson formula written above,

(p—d-2)

h®)(0, By (ee)) = 1 + 2 e+ ole?).

Hence the proposition follows. Q.E.D.

8. Applications. In this section, we deal with four applications of our estima-
tions.

1. Sharp estimation of the Hardy norms by the image areas of functions. Let U
be the unit disk in the complex plane. For p > 0, we denote HP = HP(U) the class
of all holomorphic functions f with finite Hardy norms || f||g», we define them by

1 27 ) 1/p
_ e 18\|P
llar = swp (55 [ Wrtreypas)
As mentioned in the introduction, Alexander, Taylor and Ullman [A-Ta-U] proved
that if f is holomorphic in U and vanishes at 0, then ||f|| g2 < ((1/7) area f(U))/2.
If we use the volume radius r(f(U)) of f(U), then we have a simpler form: ||f||g2 <
r(f(U)). There are at least five proofs. They were given by Alexander, Taylor
and Ullman [A-Ta-U], Alexander and Osserman [A-O], Alexander [A], Kobayashi
[Ko] and Khavinson [Kh]. The equality assertion was given by [A-O] and [Ko.
Kobayashi’s proof is very nice, because the equality assertion follows imimediately
from the proof. Here we use his idea and improve the result.

THEOREM 8.1. Let f be a holomorphic function in U satisfying f(0) = 0.
Then

1/2
il < o) (Farea f0) = cto)r (),
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Ifp<2+ %, then we can take c(p) = 1. Ifp <2+ %, equality holds in finite values
if and only if f 1s a constant multiple of an inner function.

PROOF. We may assume that f is not constant and area f(U) is finite. Let
D = f(U), h(z) = h®(z,D) and v = ho f. Then v is harmonic and satisfies
|f|P <vin U. Hence, by the mean-value property of harmonic functions,

2r ) 1/p
Wil < sup (5 [ otre)ds) = vl = nioy
0

r<l1

By the definition of ¢(p) given at the end of §1, the desired inequality follows. If
p<2+ %, then, by Theorem 6.4, c(p) = 1.

Assume that ||f||g» = h(0)Y/? = r(f(U)) < oo for p < 2+ 1. By r(0)}/P =
r(f(U)), we see that (1/r(f(U)))f(U) is an extremal domain for p. We write p for
r(f(U)). Since ¢(2 + ) = 1, by Proposition 5.1, f(U) = B,\E, where E is a set
of capacity zero. Let f*(e**) be the radial limit of the bounded function f. Then
|f*| < p a.e. on AU and

s = (55 [ V(e pas) T

Hence ||f||a» = p implies that |f*| = p a.e. on AU and so f/p is an inner function.

Conversely, if f/p is an inner function, then f(U) C B, and r(f(U)) < p. Since
|f*| = p a.e. on AU, ||f|lu» = p and so 7(f(U)) < p = ||f||g»- The opposite
inequality holds for every f and equality holds for a constant multiple f of an inner
function. Q.E.D.

From our proof we see that an inner function takes all values in the unit disk
except a set of capacity zero, a result due to O. Frostman.

By using a similar argument to the above, we also have an estimation of the
Hardy norms of functions defined on Riemann surfaces. Namely, let R be a Riemann
surface having a Green function. Take a point £ in R and fix it. Let f be a
holomorphic function in R and let u be the least harmonic majorant of |f|? in R.
Set ||fllm» = u(€)'/>.

THEOREM 8.2. Let R, &, f and u be as above. If f(&) = 0, then the inequality
replacing U by R in Theorem 8.1 holds. The equality assertion is also valid if a
constant multiple of an inner function is replaced by a map of type-Bl, in the sense
of Heins [Hei], from R into a disk centered at the origin.

PROOF. It is sufficient to show the equality assertion. Let h(z) = h(P)(z, f(R))
and v =ho f. Then u < v in R and

I/ 11 = u(§) < () = h(0) < r(f(R))".

Hence ||f||g» = 7(f(R)) < oo if and only if u(§) = v(&) and h(0) = r(f(R))P < oo.
We have seen in the proof of Theorem 8.1 that h(0) = r(f(R))? < oo is equivalent
to f(R) = B,(s(r))\E, where E is a set of capacity zero.

Since u < v in R, u(&) = v(§) is equivalent to u = v. If we denote by 3g the
least harmonic majorant of a subharmonic function s defined in a Riemann surface
R, then u = v can be written as

(sof)R=3f(R)°fa
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where s(z) = |z|P and it is not harmonic in f(R). Therefore, by Theorem 1 in
Kobayashi and Suita [Ko-Su], u = v if and only if f is of type-BlI.

Finally if f is a map of type-Bl from R in B,, then B,\ f(R) is a set of capacity
zero. Thus the proof is complete. Q.E.D.

A map of type-Bl from U into a disk B, is nothing but a constant multiple of
an inner function, see [Hei, pp. 453-454]. Therefore the proof of Theorem 8.2 is
an alternate proof of equality assertion in Theorem 8.1.

2. Hardy classes and tmages of functions. Let f be a holomorphic function in
U. If there exists a harmonic majorant h of |z|P in f(U), then, by using the same
argument as in 1, f € HP(U) and ||f||z» < h(f(0))}/P. As a good survey in this
direction, we refer to Hansen [Han].

We shall apply our Proposition 3.14 and Corollary 3.15 and construct three exam-
ples. The first example concerns that of Hansen [Han, p. 245, Example II]. Let ¢ be
an increasing continuous function on [1, 00) with ¥ (1) = 0 and lim,_, o ¥(r)/r = co.
Set D = R?\([0,¢] U {exp(r + 19(r));r > 1}). Hansen proved that there exists a
harmonic majorant of |z|? in D for every p > 0 by using the Ahlfors distortion
theorem. Our example differs from his: Domains are not simply connected.

EXAMPLE 1. For given p > 0, take a natural number n and A > 1 so that
M =167 <1 + (37/8)271/247P. Note that A" = 2. Set

Ejir = [jlog4 + (2k — 1)log A, 7log 4 + 2k log A]

and

Let 1 be a continuous function on E satisfying maxg;, ¥ — ming,, ¢ > 2r for
every 7 and k. We do not assume that v is increasing. Consider a domain D =
R?\{exp(r + i¥(r));r € E} and apply Proposition 3.14 and Corollary 3.15. Since
d =2, C =3 and so we shall show a(t) > 216777 for t € [47,2-47]. Set A = {z €
R2;t < |z| < 2t} and Ay = {z;47 X2k~ < |z| < 47)?k}. Let k; and k2 be numbers
satisfying U',?:kl A, CAC U’,ES,’;_I Ay and set A} = {z;t < |z] < 4X**1} and
Aj = {z; 42 2 k271 <|g| < 2t} Then A = A} U AL, UU’,?:;L_I Ay, and for each
Ay or A}, by (1) of Proposition 3.11,

2 L i [r
/|gradf| dz > Yl (2(4j+1 _4j+1,\—4)> /f dzx
™2 1677

for every continuously differentiable function f in Ay or Aj, which vanishes outside

of D. Hence i
™2 1677 2 .
2 (= p—J
oft) 2 (8) e —1)2~ (9> 16

and, by Corollary 3.15, h(P)(0, D) < oo.

If p increases, then n increases. If we take n replacing by n; so that n; — oo
as j — oo, we see that there exists a harmonic majorant of |z|P in the modified
domain for every p > 0.
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The second example is a slight modification of Example 1, but it is interesting
because dB; C D for every t except a countable set.
EXAMPLE 2. Let n and A be as in Example 1 and set

D =R\ J |z € R* 2| = 421 2, >0}
Jj=1lk=1

U{z € R%;|z| = 4)% z; <0}).

By the same argument as in Example 1, we see that h(P)(0, D) < oo.

The third example is the case such that lim;_,., area By N D/(7t?) = 0. It was
dealt with by Hansen and Hayman [Han-Hay, Theorem 1] and they proved that
there exists a harmonic majorant of |z|? in D for every p > 0 by using the Tsuji
inequality. In Example 3, we shall first give an alternate proof of the above result
and give another example having a harmonic majorant of |z|? for every p > 0.

EXAMPLE 3. Let D be a domain containing 0 and satisfying e(t) =
area By N D/(nt?) — 0 (t — 00). Let Q = Qnk,k, be cubes having sides of length
n defined by Q = {z € R%;(k; — 1)n < 11 < kyn, (k2 — 1)n < 22 < kon}. To apply
Corollary 3.15, for each natural number 7, let us take n = n(j) the least natural
number satisfying n?/2 > ¢(47*!)7(47*1)2. Then

areaQ\D > n? — (47 ) w(4711)2 > n?/2

for every @ C Bys+1. By Proposition 3.12,

for every continuously differentiable function f in @ which vanishes on Q\D.
For t € (47,2 47], set A = {z;t < |z| < 2t}. Then U{Qnk,k,; @nk,k, C A}
contains an annulus A’ = {z;a(t)t < |z| < b(t)t}, where 1 < a(t) < b(t) < 2. It

follows that
24, > " 2
/A|gradf] dz > 16n2 /A/f dr.

By the remark to Lemma 3.13 and Corollary 3.15, to show h(P)(0,D) < oo, it is
sufficient to show that - 5

62 = 3C(0)
where C(t) = b(t)2 — a(t)2. We note that C(t) — 22 —1 = 3 as t — oco. Set
M = M(j) = 47 /n. Then the condition on n implies that M? = O(1/e(4’*!)) and
so, for every p > 0, we can find jo = jo(p) such that the required inequality holds
for every 7 > 0. Hence h{P)(0, D) < oo for every p > 0.

From the proof, we see that it is not necessary to assume that area B; N
D/(nt?) — 0 as t — oo. It is enough to assume that there is a positive constant
a < 1 and a sequence {n;}22, of natural numbers such that M; = 4 /n; — oo as
J — oo and area Q\D > ang for every Q = Qn,k,k, C {2;4% < |z| < 471}, In this
case, limsup,_, . area B; N D/(nt?) < 1 — a and it is easy to construct an example
for which equality holds.

1677,
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3. Exit times of Brownian motion in R®. Let D be a domain in R4, let X be a
Brownian motion in R starting at a point x in D, and let 7 be the first exit time
of X from D, namely, 7(w) = inf{t > 0; X;(w) € D}, where 7(w) = oo if the set of
the right-hand side is empty.

If D is bounded, the mean exit time m(z) = E,7 of X tends to 0 as z approaches
to a regular boundary point of D and it is a positive solution of the Poisson equation
Am = -2 in D, see Dynkin and Yushkevich [D-Y, pp. 68-69]. Hence dm(z) + |z|2
is harmonic in D and it is the least harmonic majorant of |z|2, namely, h(?)(z, D) =
dm(z) + |z|2. By taking an exhaustion, we see that the equality also holds for an
unbounded domain, nevertheless the boundary values of m(z) are not equal to zero,
see Burkholder [Bu 2, §4]. It can be expressed as E.|X.|? = E,(d7 + |z|?) and
so there is a possibility of finding a relation between E,|X.|P = h(®)(z, D) and
E.(dr + |z|?)P/2.

Burkholder [Bu 1] did obtain a relation. He showed

C1E.(dr +|z|*)?/? < kP (2, D) < CLE,(dr + |z|?)P/?,

where C and C; are constants depending only on d and p. In particular, a moment
E.7P/? is finite if and only if h(P)(z, D) is finite. If we combine our results with
that of Burkholder, we have many estimations of E,7P/2. Here we give an example.

THEOREM 8.3. For an arbitrary domain D in R?, it follows that

2 1
Exr<— | ———=dy.
"Gy

PROOF. Take a new coordinate so that z becomes the origin. Then Egr =
m(0) = (1/d)h?(0,D — ), where D — z = {y — z;y € D}. Hence the proposition
follows from Lemma 1.3. Q.E.D.

In Theorem 8.3, we have applied just Lemma 1.3. If we apply Proposition 6.3
or other estimations of w;(0), we have more accurate estimations of E,7.

4. Solutions of the Poisson equation. We consider the inhomogeneous problem

Au+ f=0 if D,
u=20 on D,

where D is a bounded domain in R%¢. By using the volume radius r(D) of D,
Payne [Pa] gave an estimation of u(z) when f is bounded and Weinberger [W]
gave another one when f is of LP(D) for p > d/2. We apply Theorem 6.4 to the
problem and show the following:

THEOREM 8.4. It follows that

(1) Ifzo€ D and if f(z) < A/|lz—zo|? in D with0< ¢<2(0<¢g<1ifd=1)
and A > 0, then
4
(2-q)(d-q)
(2) If o € D and +f f(z) < Alz — 20|P in D with0 < p < 0o and A > 0, then

u(zo) < r(D)%79.

p+2
Ac(p + 2) T(D)p+2

ue) < i 1 d)

)
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where ¢(p+2) ts a constant depending only ond and p and c(p+2)=1¢40<p<
(d—2)+ 214,

PROOF. If U is a solution of
AU+ F=0 inD,
U=0 on 0D,

where F > fin D, then A(U —u)=f—F <0in D and U —u = 0 on dD. Hence
U — u is superharmonic and nonnegative in D. In particular, u(zg) < U(zg). Let

A(h(z) — |z — zo[PT?)
(p+2)(p+d)

where h is the least harmonic majorant of |z — z¢|P*? in D. Then

U(z) =

AU + Alz —zo/P =0 in D,
U=0 on 9D,

and so u(zo) < U(zg) = A((p+ 2)(p + d)) "' h(xo). Therefore, the theorem follows
from Theorem 6.4. Q.E.D.
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NOTE ADDED IN PROOF. M. Essén has pointed out that C. S. Stanton gave a
new proof of the Alexander-Taylor-Ullman inequality in his recent paper: Count-
g functions and magorization for Jensen measures (preprint) and that there are
applications of the inequality in a paper written by S. Axler and J. H. Shapiro:
Putnam’s theorem, Alerxander’s spectral area estimate, and VMO, Math. Ann. 271
(1985), 161-183. K. Haliste has pointed out that S. Friedland and W. K. Hayman
proved an estimate similar to or, in a sense, better than that given in Lemma 3.4:
Ergenvalue inequalities for the Dirichlet problem on spheres and the growth of sub-
harmonic functions, Comment. Math. Helv. 51 (1976), 133-161. They made use
of Huber’s results, whereas our estimation was proved directly and elementarily.
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